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15-NODAL QUARTIC SURFACES.I: QUINTIC DEL PEZZO
SURFACES AND CONGRUENCES OF LINES IN P3
IGOR DOLGACHEV
Abstract. We explain a classical construction of del Pezzo surfaces of
degree d ≥ 4 as order 2 congruences of lines in P3 whose focal surface is
a quartic surface with 20−d ordinary double points. Then we study the
case d = 5 and explain how any 15-nodal quartic surface can be realized
in 6 different ways as the focal surface of a congruence of lines and
also as a hyperplane section of the Castelnuovo-Richmond-Igusa quartic
hypersurface in P4 leading to the proof of rationality of the moduli
space of 15-nodal quartic surfaces. We describe some other models of
such surfaces:degree 5-nodal quartic surfaces, 10-nodal sextic surfaces
in P4 and nonsingular surfaces of degree 10 in P6. Finally we study
some birational involutions of a 15-nodal quartic surfaces which as we
will show in a subsequent Part 2 of the paper jointly with I. Shimada
generate the whole group of birational automorphisms of a general 15
nodal quartic surface.
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1. Introduction
The geometry of 16-nodal Kummer quartic surfaces is widely discussed in
classical as well as modern literature. This paper addresses less known but
nevertheless very rich geometry of 15-nodal quartic surfaces. What unites
the two classes of nodal quartic surfaces is the fact that surfaces from both
classes are realized in 6 different ways as focal surfaces of congruences of lines
in P3, congruences of bidegree (2, 2) in the former case and bidegree (2, 3) in
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2 IGOR DOLGACHEV
the latter case. The line geometry realization of the quartic surfaces brings
an unexpected dividend:it defines a certain involution on a smooth K3 model
of the surface with quotient a del Pezzo surface of degree 4 in the Kummer
case and degree 5 in the other case. Other interesting involutions come
from a realization of the surface as a quartic symmetroid, the discriminant
surface of a web of quadrics in P3. There are 192 such involution in the
Kummer case corresponding to a choice of a Weber hexad of nodes and only
6 involutions in the other case corresponding to a realization of the surface as
the focal surface. The quotient by these involutions is a Coble surface with
the bi-anticanonical divisor consisting of 6 disjoint smooth rational curves
in the Kummer case and five such curves in the other case.
Of course, a Kummer surface comes as a degeneration of a 15-nodal quar-
tic surface by smoothing one of its 16 ordinary nodes. Explicitly it can be
seen by realizing any 15-nodal quartic surface as a hyperplane section of
the notorious Castelnuovo-Richmond-Igusa quartic hypersurface in P4 with
15 double lines, the tangent hyperplanes gives a Kummer surface. The fact
that such realization always possible which we prove here (also proved inde-
pendently in [2]) gives as a corollary the rationality of the moduli space of
15-nodal quartic surfaces. The relationship between 15-nodal quartic sur-
faces and the beautiful geometry of the Castelnuovo-Richmond-Igusa quartic
hypersurface and its dual Segre cubic hypersurface adds more to the geom-
etry of quartic surfaces, for example it gives other interesting birational
models such as a 5-nodal quartic surface with 20 lines, a sextic model with
10 nodes, a smooth model as a quadric section of the Fano threefold V5 of
genus 5 and index 2. We discuss all of this in the paper.
The first half of the paper is devoted to summarizing some classical re-
sults about the congruences of lines in P3 and especially congruences of
order 2 from [20] and [32]. Many of these results can be found in modern
literature that use cohomological methods to replace the rich and beautiful
classical geometry of families of lines in P3. We give an attempt to partially
reconstruct this classical approach.
The automorphism group of a general 16-nodal Kummer quartic surfaces
was described by S. Kondo [24] by using the Borcherds method for com-
puting the automorphism group of a K3 surfaces by embedding its Picard
lattice into the even unimodular lattice of signature (1,25), the orthogonal
sum of the Leech lattice and the hyperbolic plane. In Part 2 of the paper
(jointly with I. Shimada) we apply this method to find generators of the
group of birational automorphisms of a general 15-nodal quartic surface.
The paper originates from an attempt to answer some questions of S.
Mukai related to 15-nodal quartic surfaces. I am thankful to him for many
discussions, questions and insights on this and on other closely related ques-
tions about geometry of Enriques and Coble surfaces.
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2. Generalities on congruences of lines
2.1 Following classical terminology, a congruence of lines is a complete
irreducible 2-dimensional family of lines in P3. It is parameterized by a
surface S in the Grassmannian variety G1(3) := G1(P3) of lines in P3. The
lines `s corresponding to points s ∈ S are called rays to distinguish them
from any line in P3. The cohomology class [S] of S in H4(G1(3),Z) ∼= Z2 is
equal to m[σx]+n[σpi], where σx is a plane in G1(3) of rays containing a point
x ∈ P3 and σpi is a plane in G1(3) parametrizing lines in a plane pi ⊂ P3.
The number m (resp. n) is called the order (resp. class) of S and the pair
(m,n) is referred to as the bidegree of S. The sum m+ n is the degree of S
in the Plu¨cker space P5. The natural duality between lines in P3 and lines
in the dual P3 defines an isomorphism between the Grassmannians of lines,
the image S∗ of S under this isomorphism is called the dual congruence. Its
bidegree is (n,m). For brevity, we will assume that m,n 6= 1 (see [29] for
the cases when m or n is equal to 1).
The universal family of lines ZS = {(x, `) ∈ P3 × S : x ∈ `} comes with
two projections:
ZS
p
~~
q
  
P3 S.
The restriction of p to the fiber q−1(s) is an isomorphism onto the ray
`s. This allows us to identify the fibers with the rays of the congruence.
A confusing classical terminology defines a singular point of S as a point
x ∈ P3 such that the fiber p−1(x) consists of infinitely many rays. A one-
dimensional irreducible component of the set of singular points is called a
fundamental curve of S.
We will assume that S has no fundamental curves and it is smooth as a
surface in G1(3). Under these assumptions, ZS is smooth and the map p
is a generically finite map of degree m of smooth 3-dimensional varieties.
The ramification divisor RS of p is a closed subscheme of ZS equal to the
support of Ω1ZS/P3 . Let ZG1(3) be the universal family of lines over G1(3).
The known formula
(2.1) ωZG1(3)/G1(3)
∼= q∗OG1(3)(1)⊗ p∗OP3(−2)
(see [CAG], 10.1.1) gives
(2.2) Ω1ZS/S
∼= q∗OS(1)⊗ p∗OP3(−2).
It follows that
Ω1ZS/P3
∼= Ω1ZS/S ⊗ ωS ⊗ p∗ω−1P3 = q∗ωS(1)⊗ p∗OP3(2).
This gives
(2.3) [RS ] = p
∗(2H) + q∗(h+KS),
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where H is the class of a hyperplane in P3 and h is the class of a hyperplane
section of S in its Plu¨cker embedding. The image of RS under the projection
to P3 is the branch divisor of p. It is called the focal surface of S and will be
denoted by Foc(S). Applying the projection formula for the morphism p, we
deduce from formula (2.3) that a general fiber of the projection q : ZS → S
intersects RS at two points. This implies that
deg q|RS = 2.
If q−1(s) is contained in RS , its image `s lies in Foc(S). Otherwise q−1(s)
contains two critical points and the ray `s intersects Foc(S) at the images
of these points with multiplicity ≥ 2. Since qS : RS → S is of degree 2,
this implies that the focal surface Foc(S) consists of at most two irreducible
components. We will assume that it is irreducible. We will also assume
that Foc(S) contains only finitely many rays of S, so that the surface RS is
irreducible too. Hence
(1) S is an irreducible component of the surface of bitangents of Foc(S).
For any curve C on S, the image of q−1(C) under the map p : ZS → P3
is a ruled surface. Its degree is equal to the degree of C in the Plu¨cker
embedding. For any line l in P3, the set of rays intersecting l is a hyperplane
section C(l) = Tl(G1(3))∩S of S. Following the classical notation we denote
by (l) the corresponding ruled surface in P3.
Let Pl ∼= P1 be the pencil of planes containing a general line l in P3.
Consider a map
f : C(l)→ Pl × l ∼= P1 × P1
that assigns to a ray ` intersecting l the pair (〈`, l〉 ∈ Pl.` ∩ l ∈ l). The
composition of f with the first projection (resp. the second projection) is a
map of degree n (resp. m). Let g be the genus of C(l). Since l is a general
line, it coincides with the general of a general hyperplane section of S. It
is called the sectional genus of S. The genus of a curve of bidegree (n,m)
on P1 × P1 is equal to (m− 1)(n− 1). The map f is of degree 1 but not an
isomorphism in general. In fact two rays `1, `2 in C(l) go to the same point
(pi, x) ∈ Pl × l if and only if pi = 〈`1, l) = 〈`2, l〉 and `1 ∩ `2 = {x}. It can
be interpreted that the line σx,pi in G1(3) of lines in pi passing through x is
a secant line of S. Let r be the number of secants of S in G1(3). Note that,
since G1(3) is a quadric hypersurface in P5, a secant line must be contained
in G1(3). Obviously r = 0 if S is degenerate as a subvariety of P5. It is
shown in [34] that, if S is nondegenerate, then r = 0 if and only it is a
Veronese surface in P5 realized as the congruence of lines of bidegree (1, 3),
the secant lines of a twisted cubic.
It follows from above that C(l) is the normalization of a curve of arith-
metic genus (m− 1)(n− 1) and its genus g is given by the formula
(2.4) r + g = (m− 1)(n− 1).
Applying the Hurwitz formula to the composition of f and the first pro-
jection, we obtain
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(2) The degree of the focal surface is given by the formula
deg Foc(S) = 2m+ 2g − 2 = 2n(m− 1)− 2r,
where g is the sectional genus of S and r is the rank of S.
2.2 Let L ⊂ G1(3) be a secant line of S. It is a pencil σx,pi = σx ∩ σpi
of lines in P3 that contains two rays of S or tangent to S. The plane pi
is called the null-plane of the congruence and the points x is its center.
Let Sec(S) ⊂ G1(P5) be the variety of secant lines of S. The projection
α : Sec(S) → P3, σx,pi → x, is a map of degree m(m − 1)/2, the projection
β : Sec(S)→ Pˇ3, σx,pi → pi, is a map of degree n(n− 1)/2:
Sec(S)
β
||
α
##
Pˇ3 P3.
If m = 2, α (resp. β) is an isomorphism over the complement of singular
points of the congruence S (resp. S∗) (a nonsingular point x of Foc(S)
defines the null-plane equal to the tangent plane of Foc(S) at x). If m > 2,
α (resp. β) is an isomorphism over the complement of the focal surface
Foc(S) (resp. Foc(S∗)).
A general plane pi in the pencil P(l) contains n(n−1)/2 intersection points
of n rays in this plane. The locus of such points when pi moves in P(l) is a
curve, classically denoted by |l|. A plane pi containing l contains n(n− 1)/2
points equal to the pre-image of the corresponding point pi∗ ∈ l∗ under β
and also r = rankS points on l that are the centers of null-planes containing
l. In other words, the planes through l define a pencil in |l| with n(n− 1/2
moving points and r fixed point. Thus
(2.5) deg(|l|) = 1
2
n(n− 1) + r.
If l passes through a singular point x ∈ Foc(S), then the cone of lines
through x is an irreducible component of the ruled surface (l). We denote
it by h(x). We have
h(x) = degK(x),
where K(x) is the cone of rays through x. Thus, the ruled surface is the
union of two ruled surfaces of degree h(x) and m+n−h(x). Let D(x) be the
curve in S parameterizing the lines in the ruling of K(x). Its degree in the
Plu¨cker embedding is equal to h(x). Since C(l) is a hyperplane section of
S, it intersects D(x) with multiplicity h(x). Thus (l) and K(x) intersect in
S with multiplicity h(x). If h(x) > 1, then each pair of common rays lies in
the same plane 〈l, x〉, hence x ∈ |l|. This shows that x is a 12h(x)(h(x)− 1)-
multiple point of |l|. It is also a point of multiplicity h(x) on (l).
Since each point of |l| lies on a ray intersecting l, the curve |l| is contained
in the ruled surface (l). Under the normalization map q−1(C(l)) → (l) the
pre-image of a general point on |l| consists of 12n(n− 1) points.
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(3) The curve |l| passes through singular points x such that h(x) > 1
with multiplicity 12h(x)(h(x) − 1). It is contained in the locus of
singular points of the ruled surface (l) of multiplicity 12n(n − 1) on
(l).
Next we take a plane P ∗ dual to a point P ∈ P3 and define the surface
(P ) = α(β−1(P ∗)) in P3. It follows from the definition, that the surface
(P ) is the locus of points which are the centers of null-planes containing P .
Dually, for any line in Pˇ 3, we have a curve |l∗| of degree 12m(m− 1) + r. It
intersects P ∗ at 12m(m− 1) + r points which correspond to the intersection
of the line l through P with (P ). Thus
(2.6) deg(P ) =
1
2
m(m− 1) + r.
For any singular point x of Foc(S) with h(x) = 1, the plane-cone K(x)
does not contain a general point P . Thus the surface (P ) does not contain
x1. On the other hand, if h(x) > 1, the plane pi spanned by P and a ray `
passing through x contains h(x) − 1 additional rays `′ through x, hence x
lies in (P ). The null planes spanned by ` and the remaining n−h(x) rays in
pi have centers belonging to (P ). Since a general ` intersects (P ) at deg(P )
points, we obtain the following.
(4) Each singular point x ∈ Foc(S) is a singular point of (P ) of multi-
plicity 12m(m− 1) + r − n+ h(x).
2.3 Let B be the branch cover of the degree 2 map qS : RS → S. Let
degB = h · [B] be its degree in the Plu¨cker embedding. It follows from
formula (2.2) that
(2.7) KZS = q
∗(KS + h) + p∗(−2H).
By adjunction formula and formula (2.3), we get
(2.8) KRS = (KZS +RS) ·RS = q∗S(2KS + 2h).
The Hurwitz type formula now gives 2KRS = q
∗
S(2KS +B), hence
(2.9) [B] = 2KS + 4h.
A ray is called a singular ray if it is tangent to Foc(S) with multiplicity 4
at a nonsingular point. It is clear that a singular ray `s = q
−1(s) intersects
RS at one point, hence s belongs to the branch curve, and the converse is
true. Let Foc(S)0 be the set of points in Foc(S) at which a singular ray
touches Foc(S). The pre-image of Foc(S)0 under the projection p : RS →
Foc(S) is equal to the ramification locus of RS → S. Since q∗p∗OP3 = OS(1),
the projection formula shows that the degree of Foc(S)0 is equal to the degree
degB of B in the Plu¨cker embedding. Formula (2.9) gives
degB = 2KS · h+ 4h2 = 2(KS + h) · h+ 2h2 = 2(2g − 2) + 2(m+ n).
Taking into account formula (2.4), we obtain
1Jessop on p. 262 of [20] mistakenly says that (P ) passes through all singular points.
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(5) The degree of the locus of points Foc(S)0 on Foc(S) where a singular
ray touches the surface is equal to 4(mn− r)− 2(m+ n) = degB =
4(g − 1) + 2(m+ n).
For any point x ∈ P3, the Schubert plane σx of lines through x intersects
S either at m points (taken with multiplicities) or contains a curve. The
latter happens if x is a singular point of the congruence S. Thus the cone
K(x) is always a cone over a plane curve. If ZS is smooth, then ZS → S
is a resolution of singularities of Foc(S), assuming that a singular point of
Foc(S) is a rational singularity, the exceptional curve consists of rational
components, hence the plane curve must be the union of rational curves.
(6) Assume h(x) ≥ 3. If x is a rational singularity of Foc(S), then one
of the rays passing through x is a multi-ray, i.e. it corresponds to a
singular point of the plane curve S ∩ σs.
3. Congruences of degree 2 and class n
3.1 We specialize assuming that m = 2, n ≥ 2. We also assume that the
congruence does not have fundamental curves. This excludes only one case
when (m,n) = (2, 2) and S is a quartic scroll (see [1]). We have in this case
r = 1, g = 0 and deg Foc(S) = 2.
So, we assume that g = 1. The congruence S is a surface of degree 2+n of
sectional genus 1 lying in P5. By adjunction formula KS = −h. It must be
a projection of a del Pezzo surface of degree 2 + n. Collecting the previous
formula, we obtain the following.
(7) The degree of the focal surface is equal to 4. In particular, g = 1, r =
n− 2.
(8) The degree of a curve |l| is equal to n − 2 + 12n(n − 1). The degree
of a surface (P ) is equal to n− 1
(9) The surface (P ) passes through singular points x of the congruence
with multiplicity h(x)− 1.
(10) The curve B belongs to | − 2KS |
Since the degree d of a del Pezzo surface in Pd satisfies d ≤ 9, we see that
n ≤ 7. Moreover, there are two different types of congruences of class 6,
isomorphic to a quadric or a plane blown up at one point.
We know from (2.8) that ωRS
∼= ORS . Since ωFoc(S) ∼= OFoc(S), we see
that p∗ωFoc(S) = ωRS , hence all singular points of the quartic surface Foc(S)
are double rational points. Since ZS is smooth, all singular points of Foc(S)
are singular points of the congruence S. Also, no ray ` is contained in Foc(S)
(otherwise, each x ∈ ` is contained in two rays, ` and another ray from C(`)
passing through x). This implies that the map q : RS → S is a finite map
of degree 2, and hence the branch curve B is smooth.
(11) The surfaces Foc(S) and RS have at most rational double points as
singularities and birationally isomorphic to a K3 surface. If Foc(S)
has only ordinary nodes as singularities, then RS is smooth and the
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map p : RS → Foc(S) is a minimal resolution of singularities. In
this case the branch curve B of the double cover q : RS → S is
smooth.
Since a ray ` is tangent to Foc(S) at two points, p−1(`) splits into the
union of two smooth rational curves in ZS , one of them is the fiber q
−1(x`),
where x` ∈ S corresponds to `. The other component parametrizes rays
that intersect `. It is projected to a hyperplane section of S with a singular
point at x`. This curve is cut out by a hyperplane tangent to G1(3) at the
point x` ∈ S.
From now on we assume that Foc(S) has only ordinary nodes as singular-
ities. In particular, RS is a smooth K3 surface and the map RS → Foc(S)
is a minimal resolution.
Two ruled surfaces (l) and (l′) intersect at n+m = n+ 2 common rays.
Thus two surfaces residually intersect along a curve of degree (n+2)2− (n+
2) = n2+3n+2. If x is a point on the intersection curve not lying on common
rays, then it is the intersection point of two different rays, hence no other ray
passes through it. This shows that three ruled surfaces can intersect only at
singular points of Foc(S) and at 3(n+2)2 points on the common rays (a ray
common to two must meet the third). Since each singular point x ∈ Foc(S)
has multiplicity h(x) on (l), the intersection curve has multiplicity h(x)2 at
x. Intersecting with the third surface (l′′), we get
(n+ 2)3 = 3(n+ 2)2 +
∑
i3αi,
where αi is the number of singular points x with h(x) = i. The Table 1 of
possible solutions can be found in [20, p. 280].
(2, 2) (2, 3) (2, 4) (2, 5) (2, 6)I (2, 6)II (2, 7)
α1 16 10 6 3 1 0 0
α2 5 6 6 4 8 0
α3 2 3 6 0 10
α4 1 0 4 0
α5 1
α6 1∑
αi 16 15 14 13 12 12 11
Table 1. Singular points of congruences of bidegree (2, n)
3.3 Let x be a singular point of Foc(S). Then a general ray of the cone
K(x) is tangent to Foc(S) at some points outside x. The closure of the
locus of the tangency points is a curve T (x) on Foc(S) of degree 2h(x). It is
cut out in Foc(S) with multiplicity 2 by the cone K(x). If h(x) = 1 (resp.
h(x) = 2), it is a conic (resp. quartic curve) called a trope-conic (resp.
trope-quartic) of Foc(S). As we have explained earlier, no ray lies in Foc(S),
and hence the trope-curve is irreducible.
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We know that the cone K(x) of rays through a singular point x ∈ Foc(S)
is a cone over a plane curve of degree h(x). Since p : R(x) → Foc(S)
is a minimal resolution of a double rational point, and p−1(x) is a union
of smooth rational curves, the plane curve must be the union of rational
curves. In particular, if h(x) > 2, the curve is singular, hence S contains
multi-rays in this case. It follows from the classification of double points on
S, that this could happen only if n > 3.
The orbits of the birational involution of Foc(S) corresponding to the
deck transformation σ of the cover RS → S are pairs of tangency points of
a ray of the congruence. In particular, the image of K(x) ∩ S under σ is
equal to the curve p−1(x) on RS . This shows that the image of each of these
curves on S under the projection q splits in the cover and hence everywhere
tangent to the branch curve B. Its degree is equal to h(x).
Two singular points of Foc(S) are called conjugate if the line joining these
points is a ray from the congruence. Suppose x, x′ are two conjugate singular
points. Then Then the ray ` = 〈x, x′〉 is contained in the intersection of the
cones K(x) and K(x′) and joins their vertices. If we intersect Foc(S) by
a general plane containing `, then the intersection consists of h(x) + h(x′)
rays the ray ` taken with multiplicity n − h(x) − h(x′) ≥ 1. We can assign
the multiplicity to ` equal to the number n − h(x) − h(x′). Note that the
inequality h(x) + h(x′) > n is only a sufficient condition for the conjugacy.
(12) Suppose h(x)+h(x′) > n, then the points x, x′ are conjugate and the
ray joining the two points has multiplicity h(x) + h(x′)− n.
The conjugacy graph of S is a graph whose vertices are singular points
of Foc(S) and two vertices x, x′ are joined by a (h(x) + h(x′)− n)-multiple
edge. We also mark a vertex x with the integer equal to h(x) and mark the
edge.
(13) Let L(x) be the curves on S parameterizing rays passing through a
singular point x of Foc(C). Then the conjugacy graph of S is the
dual graph of the curves L(x) on S.
Example 3.1. Let S ∼= P2 corresponds to the last column in Table 1. It is
the projection of the third Veronese surface v3(P2) in P9. If h(x0) = 6, the
projection of Ex0 = q
−1(x0) in S is a smooth conic in P2. If h(xi) = 3, i =
1, . . . , 10, the projection of Ex0 is a line. We leave to the reader to check
that the conjugacy graph is the complete graph K(10) whose vertices are
joined to an additional vertex by double edges.
3.4 The known computation of the Chern classes of the normal bundle of
a smooth congruence of lines from [16] gives
c1(NS) = 4h+KS = 3h,
c2(NS) = 3(2 + n)− 12χ(OS) + 2K2S = 5n− 2.
Applying Riemann-Roch Theorem, we expect that the Hilbert scheme of
congruences of type (2, n) is of dimension dimH0(S,NS) ≥ n + 16. So,
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dividing by the action of PGL(4), we expect that the number of moduli of
congruences of type (2, n) is equal to n+ 1.
On other hand, let us see that the number of moduli is at most n + 1.
The tautological rank 2 quotient bundle on S has the first Chern class equal
to h = −KS and the second Chern class equal to c2(QS) · [S], where QS is
the tautological quotient bundle of G1(3) restricted to S. It is known that
c2(Q) = [σpi], hence c2(QS) = n. For any 0-cycle Z of degree n on a del
Pezzo surface S of degree n+ 2, we consider a rank 2 vector bundle E given
by an extension
(3.1) 0→ OS → E → IZ(−KD)→ 0.
We find that h0(E) = h0(−KD) − n + 1 = 3 + n − n + 1 = 4. By Serre’s
Duality, the dimension of the space of extensions is equal to
dim Ext1(IZ(−KD),OD) = dim Ext1(IZ ,OS(KD)) = dimH1(IZ) = n− 1.
Let us show that E is generated by global sections, hence defines a map
φ : S → G1(3) such that j∗(Q) = E . Our proof works if n ≤ 5, although we
believe that the assertion is true for all n ≤ 7.
The composition of φ with the Plu¨cker map is given by a linear subsystem
|L| ⊂ |−KS |, the image of S in the Grassmannian is equal to a projection of
the anti-canonical model D of S in Pn+2 to P5. Suppose E is not generated
by global sections. This means that there is a point x0 ∈ S such that all
sections vanish at x0. Let s0 : OS → E be the section of E that gives rise to
the extension (3.1) with zero cycle (s0)0 equal to Z. For any other section
s of E not proportional to s0, the wedge-product s0 ∧ s defines a section of∧2 E , whose zero divisor contains Z and the zero divisor (s)0 of s. Since
the point x0 belongs to (s0)0 ∩ (s)0, we see that there is a linear subsystem
of | − KS | of dimension equal to dim
∧2H0(E) − 2 = 4 of anti-canonical
divisors that pass through x0 with multiplicity 2. Since a point on a del
Pezzo surface impose 3 linear condition on anti-canonical divisors in order
they pass through the point with multiplicity ≥ 2, we obtain a contradiction
if n− 1 ≤ 4, i.e. n ≤ 5.
By Serre’s construction, any rank 2 vector bundle over a smooth algebraic
surface is obtained as an extension
0→ L → E → IZ ⊗M→ 0,
where L,M are invertible sheaves with c1(E) = c1(L) + c1(M) and c2(E) =
c1(L) · c1(M) + [Z]. Applying this to our vector bundle QS , we obtain that
it can be given by extension (3.1). Now we count parameters. The variety
of cycles Z is the projective space P(H0(S, E)) of dimension 3. The variety
of extensions with fixed Z is of dimension n−2. Thus the space of extension
is a projective bundle over P3 of relative dimension n−2. This shows that a
rational variety of dimension n+1 covers the Hilbert scheme of congruences
of type (2, n). Thus its dimension is less than or equal then n + 1, and by
above opposite inequality, we get
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(14) Assume n ≤ 5. The moduli space of congruences of type (2, n) is a
unirational variety of dimension n+ 1.
Note that the number of singular points on Foc(S) is equal to 18 − n.
Thus the number of moduli of congruences of type (2, n) agrees with the
number of moduli of quartic surfaces with 18 − n nodes. It is known that
the moduli space M4,k of k-nodal quartic surfaces is irreducible only for
k ≤ 7 and k ≥ 14. It consists of 2 (resp. 3, resp. 4) irreducible components
if k = 8, 9, 13 (resp. k = 10, resp. 11, 12) [21, p.23].
4. Congruences of type (2, 3)
4.1 Let us further summarize what we have found in the case n = 3. We
assume that S is general enough so that all singularities of the focal surface
are ordinary nodes.
(15) The focal surface is a quartic surface with 15 nodes, ten of them with
h(x) = 1 and remaining ones with h(x) = 2.
(16) The surfaces (l) are quintic elliptic ruled surfaces. A curve |l| is a
triple curves on (l), and its degrees is equal to 4. The curve passes
simply through the set of points with h(x) > 1.
(17) The surfaces (P ), P ∈ P3, form a web of quadrics with base points
at the set of nodes x with h(x) = 2.
(18) The surface RS is a K3 surface. The morphism p : RS → Foc(S)
is a resolution of singularities and the morphism q : RS → S is a
double cover with a smooth branch curve B ∈ | − 2KS |.
Let us denote the set of nodes x of Foc(S) with h(x) = 1 (resp. h(x) = 2)
by L (resp. C). The deck transformation σ of the cover RS → S is a
biregular involution of RS that pairs two points in the fibers q : RS → S.
The image of E(x), x ∈ L, in S is a line lx on S. The image of E(x), x ∈ C,
is a smooth conic Cx. The pre-image q
−1(q(E(x)) splits into Ex + σ(Ex).
Each line lx (resp. conic Cx) is tangent to B at one (resp. two) points.
For each x ∈ L∪C, the image of σ(Ex) in Foc(S) is equal to the intersection
K(x) ∩ Foc(S). Since σ(Ex) · Ex = h(x), we see that x is a simple point
on the trope-conic and a double point on a trope-quartic T (x). We know
that two singular points with h(x) = 2 are conjugate, i.e. the cones K(x)
and K(x′) have a common ray. This implies that T (x) and T (y) intersect
and the corresponding conics C(x) and C(x′) belong to different pencils of
conics on S.
It is known that S is isomorphic to the blow-up of four points p1, p2, p3, p4
in the plane, in general linear position. Let e0 be the class of the pre-image
of a line and e1, . . . , e4 be the classes of the exceptional curves over the points
pi. The surface has 10 lines with the classes e1, . . . , e4 and e0 − ei − ej . It
has 5 pencils of conics with classes e0 − ei and 2e0 − e1 − e2 − e3 − e4.
We denote by φL : L → 2L the map that assigns to a point x ∈ L
the set of points from L contained in σ(Ex) \ {x}. We have similar maps
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φC : C → 2C , φLC : L → 2C and φCL : C → 2L. It follows from above that
#φL(x) = 3, #φC(x) = 4, #φLC(x) = 2, #φCL(x) = 4.
In the sequel we will be indexing the set C by the set {16, 26, 36, 46, 56}
and the set L by subsets of {1, 2, 3, 4, 5} of cardinality 2 as in the Petersen
graph 1. We find that
φL(xab) = {xcd : (cd) ∩ (ab) = ∅},
φC(xa6) = {xb6, a 6= b},
φLC(xab) = {xa6, xb6},
φCL(xa6) = {xab, b 6= a}.
•
•
•
•
•
•
•
•
•
•
(12)
(34)
(25)
(35)
(45)
(15)
(24)
(13)
(23)
(14)
Figure 1. The Petersen graph
(19) The conjugacy graph of the congruence S is equal to the intersection
graph of 10 lines lab on S and 5 conics Ci, each from a different
pencil of conics. It is equal to the union of the Petersen graph and
the complete graph K(5) on the set {1, 2, 3, 4, 5}. Each vertex (ab)
of the Petersen graph is connected to two vertices a, b of K(5) and
each vertex a of K(5) is connected to 4 vertices (ab), b 6= a, of the
Petersen graph.
4.2 A plane containing T (x), x ∈ L, passes through x and the singular
points from φL(x) and φLC(x). This shows that, for any x ∈ L,
(4.1) ηH − [Ex]−
∑
x′∈φl(x)
[Ex′ ]−
∑
y∈φlc(x)
[Ey] = 2[σ(Ex].
where ηH = c1(p
∗OP3(1)).
Similarly, we find, that for any Ey, y ∈ C,
(4.2) 2ηH − 2[Ey]−
∑
y′∈C,y′ 6=y
[Ey′ ]−
∑
x∈φcl(y)
[Ex] = 2[σ(Ey)].
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Applying formulas (4.1) and (4.2), we find that
(4.3) σ(ηH) = 4ηH −
∑
x∈L
[Ex]− 2
∑
y∈C
[Ey].
The linear system |σ(ηH)| is the restriction to Foc(S) of the 4-dimensional
linear system of quartic surfaces with nodes on C and simple points at L.
Let B˜ ∼= B be the ramification curve of RS → S. We know that its image
Foc(S)0 in Foc(S) is equal to the locus of points where a ray is touching
Foc(S) with multiplicity 4. It follows from subsection 2.3 that it is a curve in
P3 of degree 4(mn− r)− 2(m+ n) = 10. Since B˜ intersects each Ex, x ∈ C,
at two points and intersects the curves Ey, y ∈ L, at one point, we see
that it passes through all singular points of Foc(S). If we assume that the
congruence is general in the sense that the rational Picard group Pic(S)Q is
generated by ηH and Ex, x ∈ L ∪ C, we obtain
(4.4)
B˜ ∼ 1
2
(5ηH−2
∑
x∈C
Ex−
∑
x∈L
Ex) ∼ 1
2
(
∑
x∈L
(Ex+σ(Ex)) ∼ 1
2
(
∑
x∈C
(Ex+σ(Ex)).
Applying formula (4.1), we see that B is a curve of degree 10 cut out with
multiplicity 2 by a quintic surface with nodes at y, y ∈ C, that passes through
the remaining nodes with multiplicity 1.
Adding up the divisor classes of Ex, σ
∗(Ex), x ∈ L ∪ C, we obtain
(4.5)
∑
x∈L∪C
[Ex] +
∑
x∈L∪C
[σ∗(Ex)] = 10ηH − 2
∑
x∈L
[Ex]− 4
∑
y∈C
[Ey] = 4[B˜].
The linear system |B˜| defines a map from RS to a surface of degree 10 in
P6. We will study this birational model in Section 7.
4.3 Let (P ) be the quadric surface corresponding to a nonsingular point
P on Foc(S) and ` be the unique ray passing through P . Since a general
point x on ` intersects another ray, ` is contained in a null-plane. Since
P ∈ `, we see that ` is contained in (P ). Conversely, if l is a line on (P ),
a general point on ` is the intersection point of two rays, hence l lies on an
infinite set of secants of S. This shows that l is a ray. So, we obtain that the
quadric surface (P ) contains only one line passing through P , hence it must
be a quadric cone. since the degree of the discriminant surface of a web of
quadrics is equal to 4, we obtain that Foc(S) coincides with this surface.
Also observe that, if P is a singular point P with h(P ) = 1, then any ray
through P is contained in (P ), hence the plane 〈T (x)〉 = K(x) is contained
in (P ). Thus the quadric (P ) is reducible. The singular line of the quadric
(P ) is the tangent line to the trope-conic at the point P .
(20) The web W of quadrics (P ), P ∈ P3, has the base locus equal to C.
It has the surface Foc(S) as the locus of points P such that (P ) is
singular. The 10 quadrics (P ), P ∈ L, are reducible quadrics, one of
the irreducible components is the trope 〈T (P )〉.
14 IGOR DOLGACHEV
We will return to the discussion of the geometry related to the web of
quadrics W in Section 6.
5. The Segre cubic and the Castelnuovo-Richmond-Igusa
quartic
5.1 Let us remind some known facts about the Segre cubic primal and
the Castelnuovo-Richmond-Igusa quartic hypersurface that can be found,
for example, in [8, 9.4]. Let |L| be the linear system of quadrics through the
singular points p1, . . . , p5 ∈ P3 in general linear position. The linear system
|L| defines a map
Φ : P3 99K P4
with the image a cubic threefold in P4 projectively isomorphic to the Segre
cubic primal S3 given by equation
5∑
i=1
z3i − (
5∑
i=1
zi)
3 = 0.
The group S6 acts naturally on S3via permuting the coordinates. We denote
this action by IS6. There is a natural isomorphism between S3 and the GIT-
quotient of (P1)6 by PGL(2). It follows from an explicit map from (P1)6 by
PGL(2) to S3 given by the Joubert functions [8, Theorem 9.4.10] that the
action of S6 on S3 via permuting the factors of (P1)6 differs from the previous
action by an outer automorphism of S6. We denote this action by
IIS6. The
linear action of S5 leaving invariant the set of points p1, . . . , p5 embeds S5
onto a transitive subgroup of IS6 and onto non-transitive subgroup of
IIS6
(recall that there are two conjugacy classes of subgroups of S6 isomorphic
to S5.)
Recall that a duad is a subset of cardinality 2. A syntheme is a set of
three complementary duads. A total is a set of 5 synthemes that contains all
duads. A subgroup fixing a total is isomorphic to S5 and acts transitively
on the set [1, 6].
The images Pij of 10 lines 〈pi, pj〉 are singular points of S3, all ordinary
nodes. The images pii of the exceptional divisors of the blow-up of P3 at the
points pi and the planes piijk = 〈pi, pj , pk〉 are planes contained in S3. The
15 planes and 10 nodes form an abstract configuration (154, 106).
It is also known that the dual hypersurface of S3 is equal to the Castelnuovo-
Richmond-Igusa quartic hypersurface CR4. The equation of CR4 is
4(
5∑
i=1
y4i + (
5∑
i=1
yi)
4)− (
5∑
i=1
y2i + (
5∑
i=1
yi)
2)2 = 0.
The projective duality map
Ψ : S3 99K CR4
is given by a choice of a basis in the linear system of polar quadrics of S3.
The duality map is equivariant with respect to the action IS6 on S3 and
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the action of S6 on CR4 via permuting the coordinates yi. The images
of planes in S3 under Ψ are 15 double lines of CR4. Each line intersects
three other lines, and three lines pass through each of 15 intersection points
forming a symmetric abstract configuration (153), the Cremona-Richmond
configuration. The images of the tangent cones at singular points of S3 are
quadric surfaces in CR4 cut out by hyperplanes everywhere tangent to CR4
(cardinal hyperplanes).
The Segre cubic S3 is characterized by the property that it contains 10
singular point, the maximum number for a normal cubic hypersurface in
P4. The singular points are ordinary nodes forming a S6-orbit of the point
[1, 1, 1,−1,−1,−1]. They are indexed by subsets (abc) of cardinality 3 of
the set [1, 6], up to complementary sets. The set of planes is the S6-orbit of
the plane pi12,34,56 : z1 + z2 = z3 + z4 = 0. They are indexed by synthemes
(ab, cd, ef). Two planes intersect along a line if and only if the synthemes
share a duad. Otherwise they intersect at a singular point of S3.
Dually, we have 15 double lines in CR4 forming a S6-orbit of the line
given by equations y1 − y2 = y3 − y4 = y5 − y6 = 0. They are also indexed
by synthemes. The intersection points of the double lines form a S6-orbit
of the point [−2, 2, 1, 1, 1, 1]. They are indexed by duads. Two double lines
intersect if they share a duad.
A cardinal hyperplane is dual to a singular point of S3. The set of cardinal
planes form one S6-orbit of the hyperplane y1 + y2 + y3 − y4 − y5 − y6 = 0.
They are indexed by subsets of [1, 6] of cardinality 3 up to complementary
set.
The cardinal hyperplane H(123) intersects CR4 along the quadric given
by equation y1y2+y1y3+y2y3−y4y5−y4y6−y5y6 = 0. A cardinal hyperplane
H(abc) contains 6 double lines corresponding to the synthemes (ai)(bj)(ck),
where {i, j, k} is the complementary set to {a, b, c}.
We will denote the projective space |L|∗, where S3 lies by P4Seg and the
dual space |L|, where CR4 lies, by P4CR.
5.2 A general hyperplane H in P4CR cuts out CR4 along a 15-nodal quartic
surface XH . Its pre-image YH under Ψ is cut out in S3 by a quadric QH .
It is the polar quadric of S3 with respect to the point h corresponding to H
via the projective duality.
The pre-image of S3 ∩ QH under Φ is a quartic surface ZH with nodes
at the points p1, . . . , p5. The linear system of such surfaces defines the
composition map Ψ ◦ Φ. The surface ZH contains two sets of 10 lines, ten
of them are the lines 〈pi, pj〉 and the other ten are the residual lines in the
planes 〈pi, pj , pk〉. In a minimal resolution of ZH we get two sets of disjoint
(−2)-curves, each one from one set intersects three members of the second
set.
It is known that the variety of lines in S3 consists of 21 irreducible com-
ponents. Fifteen of them parameterize lines in 15 planes. The remaining six
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components are isomorphic to quintic del Pezzo surfaces [9]. The six com-
ponents are transitively permuted by IIS6. The stabilizer subgroup of one
component D in IS5 is S5 = Aut(D). If we choose the map Φ : P3 99K S3,
then the five del Pezzo components are formed by the images of lines through
each of the points pi and the images of Veronese curves (and their degener-
ations) through p1, . . . , p5. Let us denote the first 5 components by Di and
the last component by D6. The lines in S3 parameterized by Di, i 6= 5, are
the lines that intersect the plane Πi, the image of the exceptional divisor of
the blow-up of P3 with center at pi. The lines parameterized by D6 are the
lines that intersect all 5 planes Π1, . . . ,Π5. Thus a choice of a non-transitive
subgroup S5 of
IS6 or a transitive subgroup of
IIS6 defines a choice of 5
planes among the 15 planes contained in S3. As we noted earlier, this choice
is equivalent to a choice of total.
(21) A choice of a total in the set [1, 6] defines a choice of 5 planes in S3,
or, equivalently, 5 double lines in CR4, or equivalently, 5 nodes of a
15-nodal quintic XH . There are six such choices.
5.3 Recall that a quintic del Pezzo surface S admits a unique S5-linearized
rank 2 vector bundle that maps S into the Grassmann variety G1(4) of lines
in P4. The image of the map is a complete intersection of G1(4) with a
linear subspace of codimension 4 in the Plu¨cker space P9. It is an anti-
canonical model of S. The vector bundle is isomorphic to the logarithmic
vector bundle Ω1S(logD), where D is the union of 10 lines on S (see [10]).
Let FS be the universal family of lines in P4 parameterized by S. If we take
S = D6, then the image of the universal family of lines in S3 parameterized
by D6 defines a scroll structure on S3. Dually, we have a rank 3 bundle
over S that defines an embedding of S into the Grassmannian of planes
G2(P4). The image S∗ of S is a surface parameterizing planes in the dual
P4 which are dual to lines parameterized by S in the previous construction.
The universal family of planes in P4CR parameterized by S is mapped (2 : 1)
to P4CR. The ramification divisor of this map is a conic bundle over S and
the branch divisor coincides with CR4 (see [4]). We can identify the P4 with
P4Seg and the dual space with P4CR.
The intersection of the quadric QH with a general line on S3 corresponding
to a point in D6 consists of two points. This defines a birational involution
on XH and hence a biregular involution on the K3-surface YH birationally
isomorphic to XH . Its orbits correspond to points in D6.
(22) A choice of a total defines a birational involution on XH with quo-
tient isomorphic to a quintic del Pezzo surface.
5.4 Let S be a quintic del Pezzo surface anti-canonically embedded in P5.
As above, we may assume that S lies in the intersection of the Grassmannian
G of lines in the linear space V5 = H0(S,Ω1S(logD)) with a 5-dimensional
linear subspace in the Plu¨cker space |∧2 V ∨5 | ∼= P9. Let |I2(S)| ∼= P4 be the
linear system of quadrics through S. Let us consider the usual incidence
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variety
D˜S = {(Q, s) ∈ |I2(S)| × S : s ∈ Sing(Q)}
that comes with two projections q1 : D˜S → DS and q2 : D˜S → S. Any point
on S lies on the image of q2 since we need only 4 conditions to find a quadric
from |IS(2)| with a singular point at x. On the other hand, we observe that
the projection S 99K P4 from a point s ∈ S has its image an anti-canonically
embedded quartic del Pezzo surface, or its degeneration with double rational
points. The latter, as is well-known equal, is the base scheme of a pencil
of quadrics. Lifting this pencil of quadrics to P5, we obtain a pencil of
quadratic cones with vertex at s. This gives a line of singular quadrics in
|I2(S)|, the projection under q1 of the fiber of q2 over the point s ∈ S. Since
the construction is obviously S5-invariant, the projection q2 : DS → S is
the projective bundle P(Ω1S(logD)∨). This gives us two beautiful facts (see
[22]).
(23) The projection q2 : DS → S is the total space of P(Ω1S(logD)).
(24) The Steinerian variety of singular points of quadrics from |I2(S)|
contains the union of five scrolls isomorphic to the Segre variety
s(P1 × P2).
(25) The discriminant scheme DS is projectively equivalent to the Segre
cubic primal taken with multiplicity 2.
5.5 We have already used the fact that a quintic del Pezzo surface has 5
pencils of conics pi : S → P1. In the anti-canonical embedding the planes
spanned by the members of the pencil Qi sweep a scroll Zi. The scroll Zi is
the image of the projective rank 2-bundle P(Ei), where Ei = pi∗(OS(−KS)).
Applying the relative Riemann-Roch, we easily find that c1(Ei) ∼= OP1(1)⊕3,
i.e. the projective bundle is isomorphic to P2 × P1 → P1. The map from
this bundle to P5 is given by |OP(Ei)(1)| and coincides with the Segre map
P2 × P1 → P5.
Let |OP5(2)| → |OZi(2)| be the restriction map. Since h0(OZi(2)) =
h0(S2(Ei)) = h0(P1,OP1(2)⊕6) = 18, we obtain that each scroll Zi is con-
tained in a net of quadrics. After we identify the Segre variety s(P2 × P1)
with the projective space of (2 × 3)-matrices of rank 1, we easily see that
the space of quadrics containing it consists of quadrics of rank 4.
(26) The space |I2(S)| of quadrics containing an anti-canonical quintic
del Pezzo surface contains 5 planes Πi of quadrics of corank 2.
Since |I2(S)| contains the Segre cubic primal, we can identify the space
|I2(S)| with the projective space P4Seg. By (5.4) we know that S lies in the
Grassmannian G of lines in this space. Using the projective duality, we can
also embed S in the dual Grassmannian G∗ of planes in the dual space P4CR.
Thus, we find natural S5-equivariant isomorphisms
P(H0(S,Ω1S(logD))) ∼= P4Seg, P(H0(S,Ω1S(logD)∨)) ∼= P4CR.
For any s ∈ S, the pencil of quadrics q−12 (s) contains 5 quadrics of rank
4 arising from 5 singular quadrics containing an anti-canonical quartic del
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Pezzo surface in P4. This means that the surface S embedded in the Grass-
mannian G1(P4Seg) is contained in the intersection of five special Schubert
hyperplane sections Hi = {l : l ∩ l ∩ Pi 6= ∅}. Since S is contained in
a 5-dimensional subspace of the Plu¨cker space P9, we see that the planes
P1, . . . , P5, considered as point in the dual Grassmannian G∗ = G2(P4CR)
span a P3 instead of expected P4. This gives an invariant description of the
codimension 4 subspace, where the anti-canonical model of S lies.
Recall the classical Theorem on the fifth associated line in P4 (see [31,
Chapter X, Theorem XXIV], or [8, Theorem 8.5.3].
(27) Given four lines (resp. planes) in a general linear position in P4, any
plane (resp. line) intersecting these lines (resp. planes) intersects
the fifth line (resp. plane), called the associated line (resp. plane).
The five lines (resp. planes) obtained in this way represent 5 points
in G1(P4) (resp. G1(P3)) that span a 3-dimensional subspace in the
Plu¨cker space. The set of lines (resp. planes) intersecting the four
lines (resp.planes) is a quintic del Pezzo surface in G1(P4) (resp.
G2(P4)) cut out by the linear space dual to the 3-dimensional space
in Plu¨cker space.
Since all above constructions are S5-invariant, using the representation
theory arguments from [10], we obtain the following.
(28) The anti-canonical linear system defines a S5-equivariant isomor-
phism from S to the set of lines in G1(P4Seg) intersecting 5 linear
dependent planes in the Segre cubic primal S3 representing 5 nets of
quadrics dual to 5 singular lines of CR4 in the dual space P4CR. Du-
ally, S is S5-equivariantly isomorphic to a linear section of G2(P4Seg)
of planes intersecting 5 singular lines of CR4.
Note that the 15 double lines of CR4 contain 6 sets of associated 5 lines. If
we index the lines by duads, then these are the duads which share a common
number (see [3, Chapter V]).
6. 15 nodal quartic surfaces
6.1 It is a natural guess from reading the previous section that a choice
of a total defines an isomorphism between the 15-nodal quartic XH and the
focal surface Foc(S) of a congruence of lines S of bidegree (2, 3). Note that
it is not quite obvious since the construction gives a birational model of XH
inside the universal family of lines in P4 (not in P3) parameterized by S
considered as a surface of lines in G1(4).
Let l be a line in the component D6 of the Fano surface of lines in S3. We
consider the plane 〈l, h〉 spanned by this line and the point h ∈ P3SC (dual
to the hyperplane H). The dual of this plane in P4CR is a line l∗ contained
in H ⊂ P4CR. The intersection S3 ∩ 〈l, h〉 consists of l and a conic C that
intersect l at two points. The intersection of the polar quadric QH with
the plane 〈l, h〉 is equal to the intersection of the polar conic of S3 ∩ 〈l, h〉
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with respect to the point h. It passes through its singular points, i.e. the
intersection points of l and C. Since the image of QH under the duality map
Ψ is H, we obtain that the line l∗ intersects the quartic XH at two points,
the images of l ∩ C. In other words l∗ is a bitangent line of XH . Thus we
realize D6 as an irreducible congruence of bitangent lines of a quartic surface
XH . It follows from formulas in section 2 that it is a congruence of bidegree
(2, 3).
(29) A choice of a total realizes a 15-nodal quartic surface XH as the focal
surface Foc(S) of a congruence of lines isomorphic to the del Pezzo
surface D6.
Replacing the surface D6 with another component Di we obtain that the
congruence Bit(XH) of bitangent lines contains six irreducible components
which are congruences of bidegree (2, 3). The surface XH also contains
10 tropes, the intersections with 10 cardinal planes. This gives ten more
components of bi-degree (0, 1). It is known that the bidegree of Bit(XH) is
equal (12, 28) [11, Theorem 8.4.6]. Since (12, 28) = 10(0, 1)+6(2, 3) we have
found all irreducible components.
6.2 Let X be a 15-nodal quartic. Let us see how it arises as a focal surface
of a congruence of bidegree (2, 3) and hence it is isomorphic to a surface XH
(another proof of this fact can be found in [2]). Projecting X from a node,
we obtain a double cover of P2 branched along a curve of degree 6 with
14 nodes. The only way to realize this curve is to take the union of four
lines l1, l2, l3, l4 in general linear position and a conic C intersecting each
line transversally outside the intersection points. The fifteenth node of X
arises, in the usual way, from a conic K which touches the sextic curve at
all intersection points. The linear system on the double cover pi : X → P2
that maps it to a quartic surface is equal to |pi∗(l) +K ′| where l is a line on
P2 and pi∗(K) = K ′ +K ′′.
The reduced pre-images of the line components of the branch curves are
conics passing through the fifteenth node P . These are our trope-conics
σ(Ex), x ∈ L, passing through the node. In this way we see the configuration
of 10 trope-conics and 15 nodes forming an abstract configuration of type
(154, 106). The pre-image of the conic component C of the branch locus is
a curve of degree 4 passing doubly through P and simply through 7 other
nodes. Thus X contains 15 nodes, 10 trope-conics passing through 6 nodes,
and 5 quartic curves with a double point at one of the nodes.
Consider the linear system of polar cubics of the 15-nodal quartic X. On
a minimal resolution Y of X it is defined by the linear system |3ηH −
∑
Ei|,
where Ei are the exceptional curves of the resolution and ηH is the pre-image
of the class of a hyperplane section of X. We check that its dimension is
equal to 4 and its degree is equal to 6, so it maps X onto a sextic surface
in P4. It blows down all 10 trope-conics to singular points pi and maps Ei’s
to conics. The surface is a complete intersection of a quadric Q and a cubic
F (not uniquely defined). The quadric Q is tangent to a cubic at 10 points
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q1, . . . , q10. Consider the 4-dimensional linear system of quadrics through
q1, . . . , q10. It defines a rational map f : P4 99K P4. Its restriction to Y
is given by the linear system |D| = |2η − R1 − · · · − R10| on Y , where η
is the class of a hyperplane section of Y and Ri are the exceptional curves
over the points qi. Since D
2 = 4, it maps Y to a quartic surface in P4. It
also maps Q to a hyperplane since Q is one of the members of the linear
system. Thus the image Y ′ of Y is the intersection of a quartic hypersurface
V4 and a hyperplane. Since each of the 15 conics contains 4 singular points
qi of Y , the restriction of the linear system to the plane spanned by a conic
is blown down to a singular line of V . The preimage of V4 under f is
a cubic hypersurface that contains 15 planes. The intersection points of
the 15 planes give 10 singular points of this hypersurface. By the projective
uniqueness of the Segre cubic, it must be projectively equivalent to S3. Since
CR4 is the image of S3 under the map given by the linear system of polar
quadrics of S3 we obtain that Y
′ = CR4 ∩H = XH .
(30) A 15-nodal quartic surface X is isomorphic to a hyperplane section of
the Castelnuovo-Richmond-Igusa quartic. It is also can be identified
in six ways with the focal surface of a congruence of bidegree (2, 3).
(31) The congruence Bit(X) of bitangent lines of X consists of 16 irre-
ducible components, six of them are congruences of bidegree (2, 3)
and 10 are planes of bidegree (0, 1).
Remark 6.1. The last assertion should be compared with the similar as-
sertion that the congruence of bitangent lines of a quartic Kummer surface
with 16 nodes consists of 16 plane components and 6 components of bide-
gree (2, 2). The minimal resolution RS of the Kummer surface Foc(S) is a
double cover of a quartic del Pezzo surface with branch curve B ∈ |− 2KS |,
which is in the plane model corresponds to a plane curve of degree 6 with
cusps at 5 points p1, . . . , p5 and tangent to all lines 〈pi, pj〉 and the conic
through the five points. The analog of the linear system |B˜| from (4.4) de-
fines a smooth octic model of the focal surface Foc(S). It is equal to the
intersection of three diagonal quadrics of the form
∑
aiz
2
i = 0, the image
of the curve Foc(S)0 isomorphic to B is a canonical model of S obtained as
the hyperplane section zi = 0. The six choices of the hyperplane correspond
to the six ways to realize the Kummer surface as the focal surface of a con-
gruence of bidegeree (2, 2). The curve B is a Humbert curve of genus 5 (see
[13], [14]). It has a special property that it contains a maximal number (=
10) of vanishing even theta characteristics for a curve of genus 5 [33]. The
number of moduli of Humbert curves is equal to 2.
6.3 Let M4,k be the moduli space of projective equivalence classes k-
nodal quartic surfaces in P3. It is a locally closes subset of the GIT-quotient
of |OP3(4)|//SL(4). It is an interesting problem whether M4,k is a rational
variety. This is known for k = 16 because M4,16 is birationally isomorphic
to CR4 /S6 ∼= P(1, 2, 3, 5, 6) (see [8, 9.4.5]). It follows from above that the
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rational map
P4Seg = Pˇ4CR 99KM4,15, H 7→ H ∩ CR4,
admits the inverse. Thus we obtain
(32) The moduli space M4,15 of 15-nodal quartic surfaces is a rational
4-fold.
Remark 6.2. It is known that the moduli space M4,16 is birationally iso-
morphic to the moduli space of genus 2 curves and hence it is a rational
variety. Projecting from a node fixing the everywhere tangent conic and the
three points where it is touching the branch curve, we see that the space
M4,1 is birationally isomorphic to the projective space of plane sextics that
touch the conic at 3 fixed points. This shows thatM4,1 is a rational variety.
I do not know whether all irreducible components of M4,k is rational for
k 6= 1, 15, 16.
6.4 Let us identify X with a hyperplane section H of CR4 and choose
a total to separate the set of 15 nodes into the union of the sets L and C
of cardinalities 10 and 5. This also identifies X with the focal surface of
a congruence of lines S of bidegree (2, 3). In this way we see the conics
σ(Ex), x ∈ L, and quartics σ(Ex), x ∈ C. Let Ex be the exceptional curves
of a minimal resolution Y → X. Let ηH be the divisor class of the preimage
of a hyperplane on a minimal resolution Y of X.
The web P of quadrics (P ) is a hyperplane in the linear system WC of
quadrics through the set C of 5 nodes of XH . We can identify P with the
hyperplane H. The duality map Φ : CR4 99K S3 is given by the linear
system of polar cubics in P4CR. Its restriction to XH is the linear system
|3ηH −
∑
x∈L∪C Ex|. The pre-image of H under the duality map Φ−1 :
S3 99K CR4 is a quadric QH , the image of H under the duality map Φ is
equal to S3 ∩ QH and, hence it coincides with the dual surface X∗H . This
agrees with the Plu¨cker formula [8, Theorem 1.2.7], according to which the
degree of the dual of a k-nodal quartic surface is equal to 36− 2k.
(33) A choice of a syntheme defines an isomorphism between the dual
surface X∗H and its sextic model S3 ∩QH .
Recall that we have identified H with the web of quadrics P and the
surface XH = Foc(S) with its discriminant surface. The map f : H 99K
H∗ given by the linear system P has the ramification divisor equal to the
Steinerian surface St(P) and the branch divisor equal to the dual surface
X∗H of the discriminant surface. In fact, let us view points in H
∗ as nets of
quadrics in P. A general net N of quadrics has 8 base points, in our case
5 of them is the set C. A net has less than 8 base points if it contains a
quadric with a singular point at one of the base point. This singular point
lies on St(P). Also the net has less than 8 base points if it does not intersect
the discriminant surface transversally. Thus the branch divisor is the dual
of XH which coincides with S3∩QH . We have f∗(X∗H) = 2 St(P)+XH that
confirms that the degree of the dual surface is equal to 6. We now obtain a
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model of X∗H = QH ∩ S3 as a surface of degree 6 in H∗. The divisor class
ηH∗ = c1(OH∗(1)) can be identified with the divisor class of a hyperplane
section of S3 ∩QH in P4Seg.
Let Y be the common minimal resolution of XH ⊂ H and X∗H = S3 ∩
QH ⊂ H∗. Let ηH be the divisor class on Y coming from a hyperplane sec-
tion of XH in P4CR. The Steinerian map XH 99K St(P) is a restriction of the
map H → H given by the linear system of polar cubics of the discriminant
surface XH . Each such polar cubic intersects XH with multiplicity 2 that
gives a well-known relationship
(6.1) 2ηH∗ = 3ηH −
∑
x∈L
Ex.
that comes with the identification of the linear systems |3ηH −
∑
x∈LEx −∑
x∈C Ex| and |2ηH∗ −
∑
x∈C Ex|.
Recall that a web W of quadrics in P3 defines a Reye congruence Rey(W )
whose rays are lines (called Reye lines) which are contained in a subpencil of
the web (see [5], [8, 1.1.7], [11, Chapter[8.4]). If W has no base points, then
its bidegree is equal to (7, 3). The lines through the base points are Reye
lines, so, in our case, the Reye congruence has 5 components of bidegree
(1, 0). The remaining irreducible component is of bidegree (2, 3). We take
W to be the web of quadrics (P ), P ∈ XH . Recall that a quadric (P ) was
defined as the locus of centers of null-planes containing P . Any general
point x ∈ ` lies on another ray `′ such that x becomes the center of the
null-plane 〈`, `′〉. This shows that the quadric (x) contains `, and hence `
is a Reye line. This shows that Reye congruence Rey(P) coincides with the
congruence S. Assigning to a Reye line the subpencil of quadrics containing
it, defines a map from Rey(WC) to the Grassmannian G(1,WC) = G(1, H).
So this gives a realization of S as a congruence of lines in H ⊂ P4CR.
A pencil P` of quadrics containing a Reye line ` has the base locus equal
to the union of the line and a cubic curve intersecting it at two points. The
points are the singular points of the quadrics in the pencil. The pair of these
points is harmonically conjugate to the pair of points where the Reye line is
tangent to the focal surface. Thus we see that the Reye congruence defines a
birational involution of St(WC), and hence a biregular involution on its min-
imal nonsingular model Y . We call this involution the Reye involution and
denote it by τRey. Note that the involution is different from the involution
σ defined by identifying XH with Foc(S). If we realize this involution on
the Steinerian model of XH , then it is defined by x 7→ ∩Q∈WCPx(Q), where
Px(Q) is the polar quadric of Q with pole at x. Since XH does not have
lines, for each point in St(WC) there exists a unique quadric with singular
point at x, hence the intersection is indeed a point. The point y = τRey(x) is
the unique point such that bq(x, y) = 0 for all bilinear forms bq of quadratic
forms q with V (q) = Q ∈ WC . The set of such pairs is a birational model
PB(W ) ∼= Y of XH as a complete intersection of 4 divisors of type (1, 1) in
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P3 × P3. A Reye line is the line joining the two points x, y. The Reye in-
volution is defined by the interchanging the factors. Its fixed points are the
intersection points with the diagonal corresponding to the base points of the
web. We know that the singular line lx of the reducible quadric (x), x ∈ L,
lies in the trope plane and the plane spanned by 3 nodes from C. Since
the latter plane cannot contain x, the line l is not a Reye line (this is used
to show that PB(WC) is singular only at the intersection points with the
diagonal, in our case 5 points [11, Proposition 8.2.2]).
Let
(6.2) r = 2ηH −
∑
x∈L
[Ex] = 2ηH∗ − ηH .
It defines a reflection involution of Pic(Y )
(6.3) sr : v 7→ v + x · r
2
r.
One checks that τ∗Rey = sr [11, 10.4]. In particular, we have
τ∗Rey(Ex) = Ex + 2ηH∗ − ηH = 2ηH −
∑
x′∈L,x′ 6=x
Ex, x ∈ L,
τ∗Rey(Ey) = Ey, y ∈ C,
τ∗Rey(σ(Ex)) = σ(Ex), x ∈ L,
τRey(σ(Ey)) = 4ηH − 2
∑
x∈L
ExEy + Ey,
τ∗Rey(ηH) = 8ηH∗ − 3ηH = 9ηH − 4
∑
x∈L
Ex,
τ∗Rey(ηH∗) = 3ηH∗ − ηH .
For any line l on St(WC), the pencil of plane sections of St(WC) containing
l defines the residual pencil of cubic curves. It defines an elliptic pencil
|F (l)| = |ηH∗ −L|, where L is the proper inverse transform of l on Y . Thus
we have 10 elliptic pencils |Fx| = |ηH∗ − Ex|, x ∈ L. We have
τ∗Rey(Fx) = τ
∗
Rey(ηH∗ − Ex) = (3ηH∗ − ηH − (2ηH −
∑
x′ 6=x
Ex′)
= 3ηH∗ − 3ηH +
∑
x′ 6=x
Ex′ = ηH∗ − Ex.
This shows that the pencils |Fx| are invariant with respect to the Reye
involution. We have
(6.4)
∑
x∈L
Fx = 10ηH∗ −
∑
x∈L
Ex = 10ηH∗ + 2ηH∗ − 3ηH = 3(4ηH∗ − ηH),
The linear system
|1
3
(
∑
x∈L
Fx) = |4ηH∗ − ηH |
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maps Y to a surface of degree 20 in P11. The ramification divisor of the
projection Y → Z is equal to R =∑y∈C Ey. Since Fx · Ey = 0, each pencil
|Fx| descends to an elliptic pencil F¯x on the Coble surface Z. The linear
system |F¯x| descends to a linear system
|∆| = |1
3
∑
x∈L
F¯x|
that maps Z to a surface of degree 10 in P5, a Fano model of the Coble
surface Z (see [11, Chapter 10]).
We can also consider the elliptic pencils |ηH∗ − σ(Ex)|, x ∈ L. They are
not invariant with respect to τRey and satisfy Gx ·Gx′ = 2 and Gx ·Gx′ = 2,
and Fx · Gx′ = 1 if x ∈ σ(Ex′) and 2 otherwise. However, we do not know
their interesting geometric interpretation.
Each curve σ(Ex), x ∈ L, is invariant with respect to τ] Rey and intersects
two of the curves Ey, y ∈ C. Its image on the quotient surface Z is a
(−1)-curve. After we blow down such 10 disjoint (−1)-curves we obtain a
del Pezzo surface D of degree 5. The image of the ramification curve is a
unique member of | − 2KD|. It is the union of 5 conics in the anti-canonical
embedding of D. The conics come from different pencils of conics on D.
(34) A choice of a syntheme defines an isomorphism from XH to the dis-
criminant quartic surface of the web WC of quadrics passing through
the nodes from L.
(35) The Steinerian surface coincides with the sextic surface S3∩QH and
also with the dual surface of XH .
(36) The Reye congruence of WC has an irreducible component that coin-
cides with the congruence S of bi-degree (2, 3).
(37) The Reye involution τRey acts on a nonsingular model Y of XH with
fixed locus equal to the union of curves Ey, y ∈ C. The quotient
surface Z = Y/(τRey) is a Coble surface with K
2
Z = −5.
(38) The Coble surface Z is isomorphic to the blow-up of 10 points on a
quintic del Pezzo surface S. The branch curve of Y → Z is equal
to the proper transform of the union of 5 conics C1, . . . , C5 on S
from different pencils of conics. The surface Z is the blow-up of
intersection points of pairs of conics Ci, Cj.
Let us use our, by now usual, indexing of the nodes. The conics Ci now
correspond to points x ∈ C and hence are indexed by (16), . . . , (56). The
intersection points qab correspond to curves σ(Eab), a, b 6= 6. They are the
intersection points of the conics Ca6 and Cb6. The curves Ex, x ∈ L, are now
indexed by (ab), a, b 6= 6. The image of Eab in D passes through the points
qab and the points qcd, qde, qce, where {a, b} ∪ {c, d, e} = [1, 5]. Let us use a
birational model of D as the blow-up of 4 points p1, p2, p3, p4 in the plane,
represent C16, . . . , C46 by lines `1, . . . , `4 through p1, . . . , p4, respectively,
and represent C56 by a conic K through p1, . . . , p4. Then the images of
Eab, a, b ≤ 4, are represented by conics Kab in the plane which pass through
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pa, pb and 4 intersection points `a∩ `b,K ∩ `a,K ∩ `b and `c∩ `d. The images
of Ea5, a 6= 6, are represented by cubic curves Ka5 passing doubly through
pa and the rest of the points pb, b 6= a, and also passing through the four
intersection points Ca6 ∩K, `b ∩ `c, `b ∩ `d, `c ∩ `d, where {a, b, c, d} = [1, 4].
The images of the 10 curves Kab in D are rational quartic curves. Since lines
on D come from lines 〈pa, pb〉 and the exceptional curves of the blow-up, we
see that the quartic curves are the residual curves of a hyperplane section
containing a line on D.
(39) A choice of a syntheme, defines an isomorphism of a 15-nodal quartic
surface with the double cover of the blow-up of a set P of 10 points
on a quintic del Pezzo surface S which are the intersection points
of the set of 5 conics Ci. The proper transform of the conics is the
branch divisor. The set P has the property that there exists a set Q
of 10 rational quartic curves, each contained in a hyperplane through
a different line on D such that the incidence relation between the sets
P and Q defines a symmetric configuration (104).
Note that the Coble surfaces obtained in this way depend on a choice of
5 conics, and hence depend on 5 parameters. Moduli space of such Coble
surfaces is isomorphic to an on open subset of (P1)5/S5 = P5. The property
that distinguish our surfaces is the existence of the configuration (P,Q) of
type (104). Again, it is amazing that such property gives only one condition
on the moduli.
(40) Problem: Find the degree of the hypersurface in P5 parameterizing
Coble surfaces whose canonical cover branched along the union of
5 conics forming an anti-bicanonical divisor is isomorphic to a 15-
nodal quartic surface.
The fact that X is a quartic symmetroid (i.e. equal to the determinant
of a symmetric matrix with linear forms as its entries) should be compared
with the fact that the Kummer surface is a quartic symmetroid with the
Steinerian surface equal to the 6-nodal Weddle quartic surface. The web of
quadrics in this case is the linear system of quadrics through the set of 6
points in P3 (defining the six nodes) in general linear position.
Consider the pre-image in Y of a pencil of conics on S that contains
the conic Ca6. It is a pencil |Fa| of elliptic curves with reducible fiber
Fa = 2Ea6 +
∑
b 6=6 σ(Eab) of type D˜4. We have
(6.5) |Fa| = |2ηH − 1
2
(
∑
b6=a
Eb6 +
∑
b6=6
Eab)−
∑
c,d6=a,6
Ecd|.
Adding up, we get a linear system
(6.6)
|1
2
(F1+ · · ·+F5)| = |5ηH−
5∑
a=1
Ea6−2
∑
1≤a<b≤5
Eab)| = |
∑
x∈L
σ(Ex)+
∑
y∈C
Ey)|
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which defines a τRey-equivariant birational morphism to a degree 10 surface
in P6. It maps the curves Ex, x ∈ L, σ(Ey), y ∈ C to rational curves of degree
4 and maps the curves σ(Ex), x ∈ L, Ey, y ∈ C, to conics. Nothing is blown
down, hence the linear system is ample.
(41) The surface XH admits 15 elliptic pencils |Fx|, x ∈ L ∪ C, invariant
with respect to the Reye involution defined by a choice of a syn-
theme. They are defined by |ηH − Ex| and (6.5). The linear system
|13
∑
x∈L Fx| (resp. |12(
∑
y∈C Fy|) define a polarization of degree 20
(resp. 10) on XH .
Remark 6.3. To compare with the Kummer case, we observe that the lin-
ear system |ηH∗ | defined in (6.1) maps the Kummer surface K to a 6-nodal
quartic surface W, the Steinerian surface of the linear system of quadrics
through 10 nodes L, where 0 is the new node. The images of the comple-
mentary set of six nodes are the six nodes of W. The images of the curves
Ex, x ∈ L, and the tropes Ta6 6= T0 are 15 lines on W joining a pair of
nodes. The image of the trope-conic T0 is a rational normal curve passing
through the nodes. The images of the ten trope-conics σ(Ex), x ∈ L, are
also lines, the intersection lines of the planes through two complementary
sets of three nodes. The surface W is a Weddle surface (see [3], [33]). The
inverse map W→ K is the composition map of the map W→ K∗ to the dual
Kummer surface given by the linear system of quadrics through the nodes
of W and an isomorphism K∗ → K. Two such isomorphisms are differ by a
projective transformation defined by the translation by a 2-torsion point of
the Jacobian surface.
Suppose we realize K as the discriminant surface of the web of quadrics
through 6 points y1, . . . , y6 in P3 whose Steinerian surface will be necessary
the Weddle surface W defined by this set of points. The Steinerian map
will be necessary given by the linear systems |12(3ηH −
∑
x∈N E − x, where
N is a set of 10 nodes on K. The pre-image of a plane spanned by three
points yi, yj , yk under the Steinerian map is the union of three trope-conics
C1, C2, C3 that have one common node x0 such that Ex0 is mapped to the
rational normal curve through the six points and each pair (Ci, Cj) of the
trope-conics has a common node xij . Conversely, the proper inverse trans-
forms E˜1, E˜2, E˜3 of such triple of trope-conics satisfy
E˜1 + E˜2 + E˜3 + E12 + E23 + E13 + Ex0 ∼
1
2
(3ηH −
∑
x∈N
Ex),
where N consists of 10 nodes and includes the node x0. There are 16 sets
of triples C1, C2, C3 of trope-conics that define 16 sats N of 10 nodes. In
our usual notations the complementary sets of 6 nodes are defined by the
S6-orbits of the set (T0, T16, . . . , T56) and (T12, T23, T13, T45, T56, T45). The
first orbit comes as a degeneration of a discriminant representation of a 15-
nodal quartic surface. Thus we have 10 more discriminant representations of
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the Kummer surface K with the Steinerian surface isomorphic to a Weddle
surface.
Fix an involution σ defined by Nab → Tab. Each of the 16 Reye involutions
τRey in the Kummer case has 6 trope-conics Tab, where the points pab make
the complementary set. One checks that
τRey = σ ◦ px ◦ σ,
where px is the involution defined by the projection from the node x such
that the image of Ex on the Weddle surface is the rational normal curve
passing through its six nodes.
Note that there is a Hutchinson isomorphism from the blow-up of K at
a Weber hexad of nodes to the discriminant Hessian surface of the web of
polar quadrics of a smooth cubic surface. It is defined by the linear system
of quadrics through the Weber hexad. There are 192 Weber hexads, so it
gives 192 Reye birational involutions of K. This time, they define a biregular
fixed-point-free involutions of K˜ with quotient isomorphic to an Enriques
surface (see [7, Theorem 4.1]).
7. Degree 10 model of a 15-nodal quartic surface
7.1 Let us identify a 15-nodal quartic surface X with the focal surface
Foc(S) of a quintic del Pezzo congruence of lines S. We denote by Y its
smooth model. In the previous section we introduced a τRey-equivariant
isomorphism from a nonsingular model of XH to a surface of degree 10 in
P6. In this section we consider a similar, but σ-equivariant, map.
Recall from the previous section that Y contains a curve B˜, the curve of
fixed points of the involution σ with quotient S. A straightforward compu-
tation shows that
D := 5ηH −
∑
x∈L
Ex − 2
∑
x∈C
Ex ∼
∑
x∈L
(Ex + σ(Ex)) =
∑
x∈C
(Ex + σ(Ex)).
Taking into account (6.1), we see that the divisor class of D is divisible by
2 in Pic(Y ), so that we can introduce the linear system
|1
2
(5ηH −
∑
x∈L
Ex − 2
∑
x∈C
Ex)| = |ηH + ηH∗ −
∑
x∈C
Ex|
(7.1) = |1
2
∑
x∈L
(Ex + σ(Ex))| = |1
2
∑
x∈C
(Ex + σ(Ex))|.
which maps Y to a genus 6 (degree 10) K3 surface in P6. Since B˜ ∼= B ∈
|−2KS |, it is a non-hyperelliptic curve of genus 6 which is not bielliptic and
does not contain g31 or g
5
2. By a result of S. Mukai [26], it is the intersection of
the Fano threefold F5 of genus 6 (degree 5) and index 2 in P6 with a quadric
Q. The images of all curves Ex, σ(Ex), x ∈ L are lines and the images
of Ex, σ(Ex), x ∈ L, are conics. Note that this linear system is obviously
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invariant with respect to σ and descends to the quintic del Pezzo surface as
the anti-canonical linear system.
We know that, for any y ∈ C, we have Ey · σ(Ey) = 2. This means that
Gy = Ey + σ(Ey) varies in an elliptic pencil |Gy| on Y defining an elliptic
fibration fy : Y → P1. The curves Ex, Ex′ , σ(Ex), σ(Ex′), x, x′ ∈ L such
that σ(Ex) · Ey = σ(Ex′) · Ey = 0 form a reducible fiber of |Gy| of type A˜3.
There are 3 such fibers. The curves Ex, x ∈ L, such that Ex ·Ey = 1 define
4 sections of the fibration.
We have Gy ·Gy′ = 2 and it follows from (7) that
2B˜ ∼
∑
y∈C
Gy.
The elliptic pencils descend to pencils of conics on the quotient S by the
involution σ. It follows that the curve B˜ passes through the intersection
points Ei∩E′i and two opposite singular points in each reducible fiber of the
pencil. Since B˜ ·Gy = 4, the image of each member of |Gy| in the degree 10
model X10 = F5 ∩ Q ⊂ P6 of X is a quartic curve of arithmetic genus one,
and as such it spans a P3 in P6. Since Gy ·Gy′ = 2, we see that any pair of
the P3’s intersects along a subspace of dimension ≥ 1.
7.2 Consider the scroll Si swept by the 3-planes spanned by the images
of the members of |Fi|. It is the image of the projective bundle P(E), where
E = (fi)∗(OY (B˜)) is a rank 4 vector bundle on P1. It is known that a quintic
del Pezzo surface S equipped with a conic structure pi : S → P1 embeds in
the trivial projective bundle P1 × P2 = P(N ) → P1, where N = pi∗(ω−1S ) ∼=
OP1(1)⊕3. The quotient projections q : Y → S shows that
E ∼= pi∗(q∗(OY (B˜))) = pi∗(ω−1S ⊕OS) = OP1(1)⊕3 ⊕OP1 .
The scroll Si is equal to the image of P(E∨) under the map given by the
linear system |OP(E)(1)| (see also [23] for the confirmation of this fact.2)
The image of the section P1 → P(E) defined by the projection E → OP1
is blown down to a singular point si of Si which is contained in all rulings
of the scroll. The projection P6 99K P5 with center at si maps the scroll to
the scroll P(N ). Its restriction to X10 is the projection q : X10 → S.
The canonical sheaf of P = P(E∨) is equal to OP(−4) ⊗ p∗ωP1 , where p
is the projection to the base. Using the adjunction formula, we see that
X10 ⊂ Si is equal to the complete intersection of the images of two divisors
D1, D2 ∈ |OP(2) ⊗ p∗(OP1(−1)| under the projection to P6 (see [23, 9.2]).
The linear system |OP(2) ⊗ p∗(OP1(−1)| is cut out by quadrics in P6 that
contain a ruling 3-plane of Si. Since a smooth quadric in P6 does not contain
a 3-plane, all quadrics that cut out X10 in Si must be singular. They all
pass through the singular points si of Si.
2Note that there is a misprint in the inequality for c = Cliff(C) < [ g−1
2
| for the
Clifford index for a curve C of genus g in Theorem 3.2. according to [12], it should
be Cliff(C) ≤ [ g−1
2
], In our case C = B˜ is a curve of genus 6, and we get c = 2.
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(42) The degree 10 model X10 of a 15-nodal quartic Y is contained in five
scrolls Si swept by 3-planes spanning a fiber of the elliptic fibrations
fi : Y → P1 given by the pencil Gy|, y ∈ C. Each scroll is the
image of the projective bundle P(E) = P(OP1(1)⊕3⊕OP1) in P6 under
the linear system |OP(E)(1)|. The section defined by the surjection
E → OP1 is blown down to a singular points si of Si. The surface
X10 is cut out in Si by two quadrics singular at the point si.
7.3 It is known that F5 is equal to a transversal intersection of the Grass-
mannian G := G1(P(V5)) of lines in P4 = |V5| with a linear subspace |W7|
of dimension 6 in the Plu¨cker space |∧2 V5|. The linear system |I2(G)| of
quadrics containing G is of dimension 4 and consists of quadrics of rank 6.
It can be identified with the projective space |V5| via assigning to a vector
v ∈ V5 the quadratic form q(x) = v ∧ x ∧ x. After we choose a volume form
on V5, this corresponds to an isomorphism I2(G) ∼=
∧4 V ∨5 ∼= V5.
Let Y be a transversal intersection of F5 with a quadric Q = V (q). It
is a smooth K3 surface of degree 10 and genus 6 in P6 = |W7|. We have
I2(Y ) = I2(F5) ⊕ 〈q〉. Since a general quadric in I2(F5) is of corank 1, we
obtain that the discriminant hypersurface of degree 7 of singular quadrics in
|I2(Y )| is equal to the union of a hyperplaneH = |I2(F5)| and a hypersurface
DY of degree 6.
Now let Y = X10. Consider the restriction of the linear system of quadrics
in P6 to a scroll Si. We have
S2(E) = S2(OP1(1)⊕3)⊕ S2(OP1)⊕OP1(1)⊕3.
This implies that dimH0(P(E),OP(E)(2)) = 6h0(OP1(2)) + 3h0(OP1(1) +
1 = 25. This shows that dim I2(Si) = 28 − 25 = 3, hence each scroll Si is
contained in a net of quadrics. Since each quadric containing Si contains
a pencil of 3-planes and also contains X10, we obtain that the discriminant
hypersurface of P5 = |I2(X10)| contains 5 planes. In fact, projecting a
quadric Q containing Si from the singular point si of Si, we find that the
fibers contain P3 as a codimension one subvarieties, hence the corank of Q
must greater than or equal to 2.
(43) The discriminant hypersurface of the linear system |I2(X10)| of quadrics
containing X10 contains 5 planes in its singular locus parameterizing
quadrics of corank ≥ 2.
(44) The discriminant hypersurface of the linear system |I2(H ∩X10)| ∼=
P5 of quadrics in a hyperplane H ⊂ P6 containing a hyperplane
section of X10 contains 5 planes.
This should be compared with an analogous fact for a quintic del Pezzo
surface S discusses in subsection (7.2).
7.4 Let Y be again any transversal intersection F5 ∩Q. Since
3∧
I2(Y ) =
3∧
I2(F5)⊕
2∧
I2(F5)⊗ 〈q〉 =
3∧
V5 ⊕
2∧
V5 ⊗ 〈q〉.
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We view the quadric Q = V (q) as a restriction of a quadric on the Plu¨cker
space
∧2 V5, so, via polarization with respect to a vector v ∈ W7 ⊂ ∧2 V ,
it defines a linear form Lx ∈
∧2 V ∨5 ∼= ∧3 V5. We associate to Q the linear
subspace
AQ := {(Lv, v ⊗ q), v ∈
2∧
V5} ⊂
3∧
I2(Y ).
One checks that AQ is a 10-dimensional Lagrangian subspace of
∧3 I2(Y )
with respect the wedge-product pairing, and as such defines an EPW-sextic
hypersurface in |I2(Y )| isomorphic to the sextic hypersurface DY [18, Propo-
sition 2.1].
It is known that the irreducible family of EPW-sextics coming from a
general degree 10 K3 surfaces via the construction from above form a codi-
mension 1 subvariety in the moduli space of EPW-sextics. The dual EPW-
sextics of those coming from K3’s have a singular point of multiplicity 3 [28,
Proposition 3.4].
Let Y [2] be the Hilbert scheme of 0-cycles on Y of length 2. For any such
cycle Z, its span 〈Z〉 in P6 is a line. The linear subspace of quadrics in
|I2(Y )| containing this line is a hyperplane. This defines a rational map
(7.2) α : Y [2] 99K |I2(Y )|∗.
It is clear that it is not defined on the set of cycles that are contained in
a line in Y . This set is the union of planes Pl = l
[2], where l is a line
in Y . Obviously any line on Y is containing in F5. It is known that the
Hilbert scheme Fano1(F5) of lines in F5 is isomorphic to P2 [19, Corollary
(6.6)]. Each line l ∈ Fano1(F5) either intersects Y at a 0-cycle Z ∈ Y [2] or
is contained in Y . Thus Fano1(F5)
0 = Fano1(F5) \ {lines in Y } embeds in
Y [2]. Let Y˜ [2] be the blow-up of the planes Pl and P˜ be the closure in Y˜ [2]
of Fano1(F5)
0.
It is known that the Hilbert scheme of conics Fano2(V5) is isomorphic
to P4 [17]. For any Z ∈ Y [2] which is not contained in any line on 5 and
any conic on Y . By [27, Lemma 4.20], there is a unique conic CZ on F5
that contains Z. The intersection of CZ ∩ Y is cut out by the quadric Q,
thus one can define the residual set 0-cycle Z ′ of length 2 (O’Grady shows
that the residual 0-cycle is well defined for a non-reduced Z). This defines
a birational involution ι of Y [2].
Since CZ is contained in F5, the set of quadrics in I2(Y ) containing the
plane 〈CZ〉 is a hyperplane. Thus α(Z) = α(ι(Z)) is the same point in W .
This shows that the degree of α is at least 2.
The following results can be found in [28].
(45) For a general Y = F5 ∩ Q, the involution ι extends to a biregular
involution of the blow-up of Y [2] at the image of Fano1(F5) under
the map l 7→ l ∩ Y . The quotient by this involution is equal to the
image W of α. It is a EPW-sextic with a unique triple point equal to
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the image of the exceptional divisor of the blow-up. The EPW-sextic
is dual to the EPW-sextic DY .
In our case, the situation is more complicated because Y contains lines
and conics. Note that if `s contains a singular point x of X, then a line
passing through this point intersects X at a point on T (x), hence its image
is a cycle of two points (y, σ(y)) ∈ Ex ∪ σ(Ex). The surface α(Y [2] must
have other singularities.
It is known that the Picard group of Y [2] is generated by Pic(Y ) and
1
2 [∆], where ∆ is the exceptional divisor of pi : Y
[2] → Y (2), the pre-image of
the diagonal. Here Pic(Y ) is embedded in Pic(Y [2]) by [D] 7→ pi∗(p∗1([D]) +
p∗2([D])), where pi : Y × Y → Y are the projection maps. We denote
the image of [D] in Pic(Y [2]) by [D]2. Thus we see that α
∗([Ex]2) is the
class of a line on S if x ∈ L and the class of a conic if x ∈ C. Moreover,
α∗(12 [∆]) = [B˜] = −KS .
The involution σ of X
[2]
10 extends to an involution σ˜ of X
[2]
10 with fixed locus
equal to the image of S in X
[2]
10 defined by the isomorphism X10/(σ) = S.
Composing the inclusion S in X
[2]
10 , we get a map
f : S → X [2]10 .
(46) The map α◦f : S → |IX10(2)∗| = P5 coincides with the anti-canonical
map of the del Pezzo surface S.
Note that there is also a rational map Φ : Foc(S) 99K ∆ = P(Ω1X10) ⊂ X
[2]
10
that assigns to a nonsingular point of Foc(S) the cycle Z defined by the point
and the tangent direction defined by the ray passing through this point. We
extend this map to X10 by assigning to a point y ∈ Ex the point (y, ty),
where ty is the tangent line to the line (conic) Ex at y. Composing this map
with the map (7.2), we obtain a rational map
X10 → P(Ω1X10) 99K |I2(X10)|∗ ∼= P5.
I do not know what is the linear system that defines this map.
8. The Picard group
8.1 In this section we compute the Picard group of Y . Since Y varies
in a 4-dimensional family, we expect that its rank is equal to 16. Obvious
generators over Q are the classes of exceptional curves Ei and the class of a
hyperplane section ηH .
Recall that a subset N of the set N of nodes of X is called even (resp.
weakly even) if the sum eN of the divisor classes of the exceptional curves
Ex, x ∈ N is divisible by 2 (resp. is divisible by 2 after adding the class
ηH). Let V = ZN /2ZN ∼= F152 . Let N be the set of nodes of X and
N be the sublattice of Pic(Y ) generated by the classes of the exceptional
curves and ηH . We have V = N/2N ∼= F162 and the kernel of the natural
homomorphism V → Pic(Y )/2Pic(Y ) is a linear code C generated by the
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projections of the classes eN , ηH to V . It is known that for 15-nodal quartic
surfaces the dimension of the code C is equal to 5. It contains ten words of
weight 6, six words of weight 10 and 15 words of weight 8 (see [15, Theorem
3.3] and [30, p.48]). After we fix a splitting N = L+ C, formula (4.1) gives
an explicit description of 10 weakly even sets defining words of weight 6 and
formula (4.2) gives an expression of weakly even sets defining words of weight
8. One chooses a basis of L consisting of 5 words of weight 6 from (4.1) by
taking BC = {σ(E12), σ(E23), σ(E34), σ(E45), σ(E15)} (modulo 2Pic(Y )).
The over-lattice Pic(Y ) of the lattice N corresponds to the isotropic sub-
group H of the discriminant group DN = N∨/N generated by the basis
BC of the code C. This implies that the discriminant group of Pic(Y ) is
isomorphic to H⊥/H. It is generated by
1
4
ηH − 1
2
(E14 + E25 + E35 + E56),
1
2
(E13 + E16 + E26 + E36),
1
2
(E13 + E25 + E34 + E56),
1
2
(E13 + E24 + E12 + E46),
1
2
(E13 + E35 + E16 + E56),
1
2
(E14 + E24 + E16 + E26).
It is isomorphic to the discriminant group of the lattice U(2)⊕U(2)⊕A1(2)⊕
A1.
(47) The transcendental lattice of a K3 surface Y birationally isomorphic
to a general 15-nodal quartic surface X is isomorphic to U(2) ⊕
U(2) ⊕ A1(2) ⊕ A1. The Picard lattice is isomorphic to the or-
thogonal complement of this lattice in the K3-lattice U⊕3 ⊕ E⊕28 .
[ (48)]The Picard lattice Pic(Y ) is generated by the class ηH , the
15 classes of the curves Ex, x ∈ L ∪ C, and 5 classes of the curves
σ(E12), σ(E23), σ(E34), σ(E45, σ(E15).
It is natural to embed Pic(Y ) into the Picard lattice of a minimal res-
olution Y of a Kummer surface Kum(J(C)) of the Jacobian of a general
curve C of genus 2. It is known that the latter is generated by the classes
of a hyperplane section ηH , 16 exceptional curves Nα and 16 classes of
trope-conics Tβ indexed by subsets of cardinality 2 of the set [1, 6] with
two additional curves N0 and T0. We have Nα · Tβ = 1 if and only if
α+ β ∈ {(0, (16), (26), (36), (46), (56)}, where the addition of subsets is the
symmetric sum modulo the complementary set.
We continue to index our curves Ex, x ∈ L, by 2-element subsets of [1, 5] =
{1, . . . , 5} and Ex, x ∈ C, by elements of [1, 5]. Then the embedding is as
follows:
ηH 7→ ηH , [Eab] 7→ [Nab], [Ea] 7→ [Na6],
(8.1) [σ(Eab)] 7→ [Tab], [σ(Ea)] 7→ [Ta6 + T0 +N0].
It is easy to see that under this embedding Pic(Y ) is equal to the orthogonal
complement of r = [N0] with r
2 = −2. This embedding corresponds to the
fact that, under the specialization, the trope-quartic σ(Ea) splits into the
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union of two trope-conics Ta6 + T0 passing through the new node with the
exceptional curve N0.
Also we see that the involution σ is equal to the composition of of the
switch involution Nα 7→ Tα and the reflection with respect to the (−2)-vector
α0 = [T0 + E0].
8.2 Recall that the involution σ depends on a choice of a syntheme. Differ-
ent choice corresponds to the action of S6 on the set of curves Eab. Clearly,
the curves Ex, x ∈ L ∪ C, form one S6-orbit. The stabilizer subgroup of
σ(E12) =
1
2(ηH − E12 − E34 − E35 − E45 − E16 − E26) = (Sym({1, 2, 6} ×
Sym({3, 4, 5})o〈(14)(25)(36)〉 is of order 72. Hence the set of conics σ(Ex), x ∈
L, does not depend on a choice σ. On the other hand, the stabilizer
subgroup of σ(E16) =
1
2(2ηH − 2E16 −
∑
a6=1Ea6 −
∑
b6=6E1b) is equal to
〈(16)〉 × Sym({2, 3, 4, 5}) ∼= S2 × S4. Thus we have 15 quartic curves
σi(Ex), x ∈ Ci, where Li ∪ Ci is the decomposition of the set of nodes corre-
sponding to the involution σi defined by a different choice of a syntheme.
Suppose we have an irreducible conic C on X. Let C¯ be its proper inverse
transform on Y . Then (ηH−C¯)2 = −2, (ηH−C¯)·ηH = 2, hence ηH = C¯+C¯ ′
for some other conic C ′. Suppose C = C ′, then the plane 〈C〉 is tangent to
X along C and hence 2[C¯] = ηH−
∑
x∈AEx, where A is a set of 6 exceptional
curves (to make the self-intersection equal to −8). It is easy to see that we
can find a trope-conic that passes through 3 nodes in A. Computing the
intersection number, we conclude that C¯ coincides with this conic. Suppose
C 6= C ′. Then [C¯] + [C¯ ′] = ηH −
∑
x∈B Ex. Since Pic(X)Q is generated by
ηH , Ex, we see that 2[C¯] = H −
∑
x∈B′ Ex, 2[C¯ ′] = H −
∑
x∈B′′ Ex, and we
find again a contradiction by computing the intersection with some trope-
conic.
Suppose we have an irreducible rational quartic Q with a node at some
singular point x0 on X. Then, as above we have Q¯ ∼ ηH−2Ex0− 12
∑
i∈I Exi ,
where #I = 8. Without loss of generality we may assume that Ex0 = E16.
Consider 4 trope-conics σ(E1a), a = 2, 3, 4, 5 passing through x0. Let Z(a)
be the set of nodes contained in the conic except the node x0. Let us identify
nodes of X and the exceptional curves on Y with their indices (ab)). We
have Z(a)∩Z(b) = {(cd)}, where {a, b, c, d} = [1, 4]. It is easy to see that the
set I of 8 nodes has at least 3 nodes in common with one of the subsets Z(a)
unless I = {(26), (36), (46), (56), (12), (13), (14), (15)}. In the latter case Q
coincides with the quartic curve σ(E16). So, we have proved the following.
(49) A general 15-nodal quartic surface contains 10 conics which coincide
with the trope -conics σ(Ex), x ∈ L. It also contains 15 rational
quartic curves with a double point at one of the nodes. They coincide
with the curves sσ(Ex), x ∈ C, where sσ is one of the six involutions
obtained from σ by conjugation by a permutation s ∈ S6.
(50) The surface does not contain curves of odd degree.
The last property follows from the fact that ηH intersects evenly any
divisor class on Y since this is true for generators of Pic(Y ).
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9. Admissible pentads
9.1 So far, we have located the following involutions of a 15-nodal quartic
surface:
(51) 6 involutions σi with quotient a del Pezzo surface of degree 5 with
the branch curve a nonsingular curve of genus 6;
(52) 6 Reye involutions τ iRey corresponding to the six structures of a quar-
tic symmetroid with quotient a Coble surface Z with K2Z = −5 and
the branch curve equal to the union of 5 smooth rational curves.
Also we have obvious involutions defined by the projections from nodes.
In this section we will study a new set of involutions defined by pentads
of nodes, no four of the them are coplanar. Such as pentad will be called
admissible. For a general 15-nodal quartic surface this condition is equivalent
to that no four of the points lie on a trope-conic.
Let P = {x1, . . . , x5} be an admissible pentad. For a general point
x ∈ X, there exists a unique rational normal curve C that passes through
x1, . . . , x5 ∈ P and x. It intersects the surface at additional two points. This
defines a birational involution of X that extends to a biregular involution τP
of Y . Note that any plane section H of X containing three nodes from the
pentad intersects a cubic C at three points unless it consists of a conic and
a line joining the remaining two nodes. This shows that C passing through
a general point on H must be such a reducible curve, and since the conic
and H intersect C at two additional points, the curve H is invariant with
respect to τP . In particular, if H is a trope-conic, the intersection of C and
H consists of three nodes and one additional point. This implies that H is
pointwisely fixed under τP .
(53) The involution τP associated with an admissible pentad leaves any
plane section H of X containing three nodes from the pentad invari-
ant. If H is a trope-conic, it is fixed pointwisely.
Let P = {x1, x2, x3, x4, x5} be an admissible pentad of nodes and τP be
the corresponding involution of Y . One checks that the sublattice M(P)
spanned by the ten divisor classes ηH − [Exi ] − [Exj ] − [Exk ] is of rank 5.
Since τP obviously leaves invariant the exceptional curves over the remaining
10 nodes, we see that it acts as a reflection on the Picard lattice of Y . In
fact, we check that the vector
(9.1) rP := 3ηH − 2
∑
x∈P
[Ex]
of norm −4 is orthogonal to the sublattice M(P), hence τ∗P coincides with
the reflection with respect to rP and acts as
(9.2) τ∗P(v) = v +
1
2
(rP · v) · rP .
In particular, τ∗ leaves invariant the divisor class FPi = 2ηH − 2[Exi ] −∑
j 6=i[Exj ] of norm 0. Since we can write F
P
i = (ηH − [Ex1 ] − [Ex2 ] −
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[Ex3 ]) + (ηH − [Ex1 ]− [Ex4 ]− [Ex5 ]), and each of the summand represents a
nef class, we see that the divisor class FPi is nef and represents the class of
a general fiber of an elliptic pencil |FPi | on Y .
We have FPi · FPj = 2 and
(9.3) |1
2
(FP1 + · · ·+ FP5 )| = |5ηH − 3
∑
x∈P
Ex|.
It is clear that ten curves Ex, x 6∈ P, are irreducible components of fibers
of |FPi |. Since T is admissible, there exists a pair of nodes xi, xj in P such
that no three points xi, xj , xk are on a trope-conic.
The class ηH − [Exi ] − [Exj [−[Exk ] represents a (−2)-curve unless the
nodes xi, xj , xk lie on a trope-conic σ(Exi) ∼ 12(ηH − Exi − Exj − Exk −
Ey1 − Ey2 − Ey3). In this case, we can write ηH − [Exi ] − [Exj ] − [Exk ] =
[2σ(Ey1)+Ey2 +Ey3 +Ey4 ] for some yi 6∈ P and the elliptic fibration acquires
a reducible fiber of type D˜4 equal to ηH − [Exi ] − [Exj ] − [Exk ] and the
additional part representing ηH − [Exi ]− Exl ]− [Exm ]. If xi, xl, xm also lie
on a trope-conic σ(Ez1), then we obtain a reducible fiber 2σ(Ey1)+2σ(Ez1)+∑4
i=2Eyi+
∑4
i=2Eyi . It follows from the structure of possible reducible fibers
that one of the curves Eyi must coincide with one of the curves Ezi and the
fiber becomes of type D˜6. Also, one checks by similar arguments that |FPi |
has two fibers of type D˜4 if there are a trope-conic through xi, xj , xk and
a trope conic through xi, xj , xl. One can check that no other degeneration
realizes because P is admissible.
Let Γ(P) be the graph with the set of vertices [1, 6] and the set of 5 edges
corresponding to the indices (ab) of points from P. Deleting one node from
P, we see that a pentad P is admissible if and only if after deleting one edge
it contains a disconnected triangle and a segment. Deleting two nodes, we
obtain that the remaining three nodes are on a trope-conic if and only if
after deleting the corresponding two edges it contains disconnected triangle
or contains a disconnected union of a segment and a chain. The following
table shows all possible graphs Γ(P), the number of subsets of three nodes on
a trope conic and possible types of reducible fibers of the elliptic fibrations
|FPi |. Since ηH · FPi = 8, a reducible fiber must contain an irreducible
component R with ηH · R ∈ {2, 4}. This shows that our classification of
possible reducible fibers is complete.
Using this information, we could list all possible admissible pentads, the
number c of trope-conics containing 3 nodes from the pentad, the types of
reducible fibers of their elliptic pencils |FPi | and the number of S6-orbits.
Observe that for any edge xi of the graph of an admissible pentad P
there exists an edge xj such that deleting xi and xj does not disconnect the
graph. In particular, this means that any trope conic σ(Ey) passing through
the corresponding nodes xi, xj does not contain other nodes from P. Then
σ(Ey) ∼ 12(ηH − Exi − Exj −
∑4
i=1Ezi) and we check that σ(Ey) · FPi = 1.
Thus, σ(Ey) is a common section of |FPi | and |FPj |. This shows that each
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elliptic pencil |FPi | has a section. Applying the Shioda-Tate formula, we
obtain
(54) Each elliptic pencil |FPi | has a section and the Mordell-Weyl group
of sections is of rank 1.
Consider the quotient Z of Y by the involution τP . The invariant part of
the involution τ∗P on H
2(Y,C) coincides with the invariant part on Pic(Y ).
Hence its dimension is equal to 15, and therefore the Lefschetz number is
equal to 15 − 7 + 2 = 10. Applying the Lefschetz fixed-point-formula, we
obtain that the Euler characteristic of the fixed locus Y τP of τP is equal to
10. It follows that it contains 5 disjoint smooth rational curves R1, . . . , R5.
If Y τP 6= R1 + · · · + R5, there is a smooth irreducible curve C of non-
negative genus fixed pointwisely. It cannot be a general fiber of |FPi | since
each fibration has a section fixed pointwisely by τP . It cannot be also a
section of any of these fibrations. By Hodge Index Theorem, C · FPi ≥ 2.
Table ?? shows that one of the pencils |FPi | is of type D˜4 + 9A˜1 unless it is
of type 7 or 8. A fibration of type D˜4 + 9A˜1 has 4 torsion sections which are
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fixed pointwisely by τP . They intersects a general fiber at 4 points, there is
nothing left in the fixed locus on it. The exceptional cases require a more
detailed analysis which we skip.
(55) The fixed locus of the involution τP is equal to the disjoint union of
5 smooth rational curves.
Let R¯i denote the image of Ri in Z so that R¯
2
i = −4 and B = R¯1+· · ·+R¯5
is the branch curve of the double cover p : Y → Z. The formula for the
canonical class of a double cover Y → Z shows that |−2KZ | = {R¯1+· · ·+R¯5}
and Z is a rational Coble surface with K2Z = −5. Consider the map Y →
Y¯ ⊂ P6 given by the linear system (9.3). It is obviously invariant with
the respect to τP , hence factors through the quotient map Y → Z. It
follows from Section 7 that the surface Y¯ is contained in a scroll Si swept
by 3-dimensional subspaces containing the images of members of the pencil
|FPi |. The quotient by the involution is a quintic del Pezzo surface with a
structure of a conic bundle defined by the quotients of the members of the
elliptic pencil. This shows that the quotient of Y¯ by the involution τP is
isomorphic to a quintic del Pezzo surface S and the map Y → Z defines a
birational morphism Z → S. Comparing the Euler-Poincare´ characteristics
we infer that Z is the blow-up of 10 points on S. These are the images of
the nodes on X which do not belong to P.
(56) The quotient surface Y/(τP) is a rational Coble surface Z with K2Z =
−5. It is isomorphic to the blow-up of 10 points on a quintic del
Pezzo surface, the points are the images of nodes on X which do not
belong to P.
Example 9.1. let P be an admissible pentad of type 1. This is the only
type such that all sets of 3 nodes do not span a trope. We call such pentad
a Go¨pel pentad. We may assume that it coincides with the set C which we
index by the set {(16), (26), (36), (46), (56). The fixed locus of τP is equal to
the union of the quartic curves σ(Ex), x ∈ C. Each elliptic fibration has a
reducible fiber 2σ(Ea6) +
∑
b 6=aEab of type D˜4. The elliptic fibration is the
pre-image of a pencil of conics on S and the image of σ(Ea6) is a member
of this pencil which is a part of the branch curve B ∈ | − 2KS |. Thus the
surface Y is isomorphic to the blow up of a quintic del Pezzo surface at
10 points with the branch curve equal to the proper inverse transform of 5
conics intersecting each other at one of the 10 points. We recognize a similar
construction of X from a Reye involution τRey. In that case, the fixed locus
was the union of the curves Ey, y ∈ C. The relationship between the two
involutions is the following equality
τP = σ ◦ τRey ◦ σ.
(57) There are six Go¨pel admissible pentads corresponding to a choice of
a syntheme. Each such pentad defines an involution τP which is
conjugate to the Reye involution τRey by the involution σ.
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Example 9.2. We know that, for any admissible pentad P, the quotient
surface is a Coble surface with K2Z = −5 which is obtained from a quintic del
Pezzo surface D by blowing 10 intersection points of 5 smooth rational curves
on D whose proper transform on Z makes the branch divisor. However, when
P is not a Go¨pel pentad, the curves are taken from 5 different pencils of
conics on D. Let us consider an example where P is of type II. We can
index its points by (15), (23), (34), (35), (45). There are 3 tropes spanned by
3 points. They are σ(E12), σ(E15), σ(E23). There is also a quartic curve with
the divisor class 12(2ηH−2σ(E35)−
∑
a6=5E3a+
∑
b6=5Eb5). They all contain
in the fixed locus. The elliptic fibration |F34| (resp. |F45|, resp. |F15|, resp.
|F23) has the curves σ(E12) and σ(E15) (resp. σ(E12) and σ(E15), resp.
σ(E15) and σ(E23), resp. σ(E15) and σ(E23) as non-reduced components
of their reducible fibers. The fifth irreducible component of the fixed locus
represents the divisor class 12(5ηH − 3
∑
x∈P Ex − (E12 +E13 +E25 +E14 +
E24 + 2E46)). It is a 2-section of each of the five fibrations.
The quotient by the involutions τP is still a Coble surface Z with K2Z =
−5, however it is not obtained from a quintic del Pezzo surface as the blow-
up of intersection points of 5 conics. One of possible birational models of
the Coble surface is the blow-up of P2 at the intersection points of 3 conics
C1, C2, C3 passing through two points P andQ, six of the points are infinitely
near of the first order to P and Q. The surface X is birationally isomorphic
to the double cover of the plane branched along the union of the conics. The
five elliptic pencils on Y are obtained as the pre-images of the 3 pencils of
conics spanned by Ci, Cj and two pencils of lines through the intersection
points of C1 and C2 different from P and Q.
Remark 9.3. If we drop the admissibility of a pentad, then a pentad with
four nodes on a trope-conic will still define an involution but it will coincide
with the involution defined by the projection from the remaining fifth node.
If we put all 5 nodes on a trope-conic, the involution is not defined.
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